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Abstract

A reasoning model can print carry the one while never having computed a carry. I specify
an experimental protocol for testing whether an intermediate state in multi-digit addition has
causal influence through hidden activations, visible reasoning tokens, both, or neither. Each
arithmetic trace is generated by an executable interpreter and records the digit position, carry,
partial result, next transition and final answer. The test defines a valid semantic counterfactual,
replaces a complete donor residual vector in hidden arms, and checks whether the remaining trace
follows that counterfactual computation. Hidden-only, visible-token-only and joint interventions
are compared; the hidden and joint arms are controlled by shuffled-donor, unrelated-donor and
same-norm random vectors, with hidden patches applied at three positions around state-token
emission. Scoring uses full-trace counterfactual transition fidelity, nuisance invariance, repair,
donor leakage and collateral change across separately held-out in-distribution (IID) and out-of-
distribution (OOD) splits. The protocol fixes a prospective floor of 384 independent complete
program clusters in every applicable evidence family; smaller samples remain descriptive and
indeterminate. The collateral diagnostic is reported without a pre-specified threshold, so version
1 makes no selectivity claim from it. Attribution methods may rank candidate locations, but
every retained location must pass an exact activation intervention. The paper reports no new
model results.

Keywords: mechanistic interpretability; chain of thought; causal abstraction; activation
patching; multi-digit addition; counterfactual intervention

Scope and evidential status

This manuscript specifies an experimental protocol; it contains no model results. Section 5
summarises prior work; none of those findings is presented as a replication. The design keeps
discovery, calibration, validation and final data separate, and interrupted, invalid, pilot or smoke
runs are classified as diagnostic records rather than scientific results. Methods discussed only in
the literature review are outside the specified implementation.
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Graphical abstract. An executable carry edit defines the counterfactual oracle. Visible state
tokens and hidden residual replacements are assigned in four factorial cells, after which the
complete decoded suffix is compared with the oracle; a visible edit can alter later hidden states.
The diagram states the design and contains no model output.

1. Introduction

Discussions of chain of thought often conflate generated tokens, the hidden computation that
changes the model’s state, and the explanation a reader assigns to those tokens. They may agree
on a particular example, but agreement cannot be assumed. A language model can use a printed
numeral as temporary memory, retain a richer quantity in its residual stream, or generate an
explanation after the answer-relevant computation has already occurred.

Multi-digit addition gives a useful setting in which to separate these possibilities. Its intermediate
state can be specified exactly. After each column, the state contains the digit position, the carry
into the next column and the partial result. A deterministic interpreter gives the next state and
the final answer. This permits a direct counterfactual question: if the carry or partial result is
replaced by a different valid state, does the model continue with the arithmetic implied by that
replacement?

Attention plots, probes and attribution scores can help locate candidate representations, but
they do not by themselves answer this question. A probe may decode information that later
computation does not use. A component may appear unnecessary because another path repairs
its ablation. A large patch may also create an activation outside the distribution on which
the model was trained. For this reason I keep discovery and causal validation separate in this
study. Attribution ranks candidate sites on discovery data; exact interventions test those sites
on untouched validation data.

I cross four intervention conditions (hidden-only, visible-token-only, joint and no semantic edit)
with shuffled donors, unrelated donors and same-norm random vectors as controls. I apply each
hidden patch at three points: immediately before the state token is emitted, immediately after
it is emitted, and before the next arithmetic operation. This timing is required because visible
text can become part of the input to later token generation. A hidden edit made before emission
and the same edit made after emission do not test the same causal path.

Prior results point in different directions. Controlled models can learn compact algorithms
for modular arithmetic and synthetic iteration tasks (Nanda et al., 2023; Cabannes et al.,
2024). Studies of pretrained models have found small causal components for restricted numerical



behaviours (Hanna et al., 2023; Bertolazzi et al., 2025), as well as distributed arithmetic
heuristics and redundant reasoning paths (Dutta et al., 2024; Nikankin et al., 2025). Separately,
interventions on generated rationales show that visible explanations can be causally important
on some tasks and unfaithful on others (Turpin et al., 2023; Lanham et al., 2023; Y. Chen et al.,
2025). These studies motivate the design, but none settles whether an exact addition state has
authority through hidden activations, visible tokens, both, or neither.

Here, program-like behaviour means that a state edit produces the expected counterfactual tran-
sition across the declared evaluation distribution. The target may be a distributed representation
rather than a unique neuron or attention head. I measure localisation and editability separately
because redundancy, repair and distribution shift can change intervention outcomes. Visible
tokens may provide external memory, routing cues, incomplete reports or post-hoc explanations,
even within one trace.

I define the intervention test, discuss the representation and repair problems that affect it, and
specify an executable study with multi-digit addition as the primary test case. Section 2 reviews
the required background. Sections 3 and 4 define the causal criterion and evaluation method.
Section 5 summarises directly relevant empirical work. Sections 6 to 9 present the proposed
study, editing limits, interpretation and limitations.

2. Background

2.1 Residual computation and attention

Let RO e RT*4 denote the residual stream before transformer block ¢, where T is the sequence
length and d is the residual width. For a pre-normalisation decoder-only transformer, one block
can be written as
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Here N denotes the model’s LayerNorm or RMSNorm operation. For a normalised input X,
attention head h has the form
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where M is the causal mask (Vaswani et al., 2017). The attention weights determine which
earlier positions are read, while W‘(f h)W(e h) determines what the head writes to the residual
stream. An attention pattern can therefore look relevant even when its residual contribution has

little effect on the answer.

The additive residual stream also permits local logit bookkeeping if the final normalisation is
frozen at the activation being analysed. If N; is that frozen linear map and 7. is residual
contribution ¢ at position ¢, then

T
Zt,y = by + Z Uy Ntrt,c-
ceC

This decomposition is not globally exact for LayerNorm or RMSNorm, and it is not a causal
decomposition. Later attention, nonlinearities and normalisation can change the effect of a
component (Elhage et al., 2021).



2.2 Patching and automated circuit discovery

clean

Activation patching (Vig et al., 2020; Meng et al., 2022) compares a clean input z with a
corrupted input z™. At site s, the clean activation is inserted into the corrupted run and its
effect on a task metric m is measured:

agatch . as(xclean), As — m(f(xcorr;as . agatch)) - m(f(xcorr)).

The metric may be answer accuracy, logit difference, loss, or a calibrated probability; each
choice answers a different question. A patch that restores a single logit may leave the remaining
distribution changed, and a result on one prompt does not establish a reusable mechanism;
verifying a circuit hypothesis requires counterfactual resampling under a declared correspondence
(Chan et al., 2022).

Path patching isolates the effect transmitted from a sender through selected receiver paths
while holding other routes to their corrupted values (Goldowsky-Dill et al., 2023). It is closer
to the edge-level language of circuits than ordinary node patching, but its conclusion remains
intervention-specific.

Automated Circuit Discovery (ACDC) recursively tests whether candidate edges can be
pruned while preserving a metric (Conmy et al., 2023). On GPT-2 Small’s greater-than task,
ACDC recovered all five previously described component types while retaining 68 of roughly
32,000 candidate edges. The experiment does not test whether the retained graph is unique or
sufficient outside that prompt family.

Edge Attribution Patching (EAP) linearises the effect of replacing an edge activation by
using a gradient at the corrupted run (Syed et al., 2024):

EAP(S) — vaem(f(xcorr))—r (ae(xclean) o ae(CL‘COH)) )

Because one clean forward pass, one corrupted forward pass, and one backward pass score
many edges, EAP is dramatically cheaper than exhaustive patching. The price is the first-order
approximation. Saturated nonlinearities can have small local gradients despite large finite effects.
EAP with integrated gradients (EAP-IG) evaluates the gradient along an interpolation path
and improves faithfulness on several tasks, but still sometimes trails circuits selected by exact
activation patching (Hanna et al., 2024). EAP with a gradient-path construction reports further
gains on six tasks at higher cost (Zhang et al., 2025).

In this protocol, attribution is used only to rank hypotheses. Nanda’s attribution-patching
note describes the method as exploratory and warns that the linear approximation is poor for
large residual-stream replacements (Nanda, 2023). Every candidate retained after discovery is
therefore checked by exact replay and tested outside the discovery split.

2.3 Superposition as overcomplete representation

Suppose a residual vector z € R? encodes latent features f; using an overcomplete dictionary:

x=Df+e=>_ fidi+e, D =[dy,...,dyn € R»™ m>d.
=1

When the features are sparse across examples, the model can represent more features than
orthogonal dimensions by allowing (d;, d;) # 0. Toy models show how feature importance and



sparsity affect this representation (Elhage et al., 2022). A sparse autoencoder (SAE) estimates a
code z and reconstruction :

z = U(Wenc(x - bdec) + benc) s T = Wdecz + bdeca

with a reconstruction and sparsity objective such as

Coan = Ey[llz = (3 + NIzl ]

Thresholded JumpReLU objectives are another option (Rajamanoharan et al., 2024). SAEs have
produced interpretable features in small and large language models (Cunningham et al., 2023;
Bricken et al., 2023; Templeton et al., 2024; Gao et al., 2024), but the learned dictionary is not
known to be unique.

Three limitations of SAE-based circuit claims are relevant here: supervised distributed alignment
search (DAS) can outperform SAE features for controlling known causal variables (Geiger et
al., 2024; Mueller et al., 2025); SAEs can split, merge or omit causal variables, and on indirect
object identification (IOI; Wang et al., 2023) supervised features control better than standard
SAEs, though Gated and Top-K variants are competitive (Makelov et al., 2025); and dictionary
size changes the apparent units (Leask et al., 2025). Section 5.4 reviews this evidence in detail.

Superposition can make an edit poorly conditioned. A causal variable may still occupy a
recoverable subspace even when no single neuron represents it. Its stability, position on the
activation manifold and downstream reuse must be tested.

2.4 Chain of thought (CoT): scratchpad, control signal, and report

Chain-of-thought prompting improves performance on many multi-step tasks, especially at
sufficient scale (Wei et al., 2022), and zero-shot prompts such as “Let’s think step by step’
can elicit similar behaviour (Kojima et al., 2022). Scratchpad training makes an important
computational resource explicit: generated tokens expand the effective recurrent state available
to an autoregressive model (Nye et al., 2021). The token sequence can function as external
memory because later positions attend to earlier intermediate results.

?

Generated rationales are not automatically faithful reports of the computation. Turpin et
al. (2023) found that answer-changing biasing cues could be omitted from explanations. Lanham
et al. (2023) used truncation, mistake insertion, paraphrasing and related interventions, and
found substantial variation across tasks and models. Tests using six classes of answer hints
likewise found low disclosure rates for several reasoning models, with strong variation by model
and hint (Y. Chen et al., 2025).

Related work separates visible deliberation from internal computation. Filler and pause tokens
can carry consequential computation that never surfaces as an interpretable step (Pfau et al.,
2024; Goyal et al., 2024; Baherwani et al., 2026), an answer can be decodable from hidden
activations well before the trace verbalises it (Boppana et al., 2026), and an internal error signal
can be present without conferring causal leverage on downstream behaviour (Yuan et al., 2026).
Causal interventions also show that activations encode which entity is bound to which attribute
through binding-ID vectors, information the text leaves implicit (Feng & Steinhardt, 2024).
These studies establish that consequential computation can occur without an interpretable visible
trace; they do not identify a specific semantic state or test whether replacing that state causes
the corresponding counterfactual transition.



The visible tokens can still matter even when the rationale is incomplete. Four roles are useful
for planning interventions:

Table 1: Four causal roles that can coexist within one chain of thought.

Role Causal function Diagnostic intervention
External Stores a partial result used Replace the value token; downstream
memory later computation should update coherently
Control anchor Changes search phase or Remove or substitute discourse markers;
allocates computation inspect later routing and accuracy
Lossy report Correlates with hidden state Decode or patch hidden state while
but omits determinants holding text fixed
Rationalisation Is generated after the Perturb the rationale without changing
answer-causing state is fixed the answer; patch earlier decision state

A generated trace can contain several of these roles. A numeral may provide external memory, a
discourse marker may affect routing, and a later sentence may summarise an earlier decision.
Their causal contributions therefore have to be tested separately.

3. Counterfactual state authority

3.1 Why behaviour alone cannot settle the question

Consider a task with semantic state s;, input or action a;, and deterministic transition

St4+1 = F(St, at).

For column addition, s; contains the digit index, carry and partial output. Let the model’s
corresponding low-level state be h;, with transition hy11 = G(h¢, a;) and an alignment o : H — S
from model states to semantic states. The experiment seeks a part of h; that can be set to
represent a valid alternative state.

Behavioural underdetermination. A finite collection of prompt, trajectory and answer
triples cannot identify an algorithm by itself. A lookup table indexed by the observed prompts
and prefixes can return the same next-token distributions as a mechanism that computes the
task. The two mechanisms differ only on counterfactuals outside the observed collection. More
examples may improve coverage, but interventions are needed to distinguish the proposed
mechanisms.

3.2 Interchange interventions and the commuting test

Let Py project a model activation onto candidate subspace U, and let r(s’) € U represent
counterfactual semantic state s’. A state-only interchange intervention is

IU,s’(h) = (I — PU)h + 7“(8,).

In practice, r(s") may be taken from a compatible donor activation or estimated with a supervised
subspace method. Interchange interventions provide a way to test a proposed causal abstraction
(Geiger et al., 2021, 2022, 2025). I require donor matching and random controls because a raw
donor activation may carry surface information in addition to the intended state (Figure 1).



Counterfactual transition fidelity (CTF). On an evaluation distribution D over low-level
contexts h, actions a and valid counterfactual states s’, define

CTF(U,7;D) = E(ha,6/)~D (k(a(G(Iys(h),a)),F(s',a))],

where k is exact state agreement or a declared similarity score. I set a stricter primary endpoint:
k = 1 only when every downstream transition and the final answer match the executable
counterfactual oracle, i.e. the per-transition score specialised to the full-trace indicator of Section
4.5. CTF is reported against same-norm random, shuffled-donor and unrelated-donor controls,
and separately for each data split.

Nuisance invariance gap (NIG). Let 7 change the renderer while preserving the semantic
program and intervention. The pushed-forward paired distribution is 74D, and

NIG(U,r;D,7) = CTF(U,r; D) — CTF (U, r; 74D).

A small paired NIG indicates that the intervention result is stable across the two renderings.
The value is signed and is reported with its interval; it is not replaced by an absolute value. The
executable NIG conditions on an exact untreated trace under both renderings.

Operational criterion on a tested support. For a declared set of transitions 7, the model
realises the tested causal abstraction when, for every (s',a, F(s',a)) € T and every compatible
nuisance realisation h,

a(G(Iys(h),a)) = F(s', a).

The criterion is stated universally, but the executable test estimates the corresponding rate
under D with a confidence bound; a guard “excludes” its cut-off when the bound on the adverse
side clears it. The alignment « is realised here by decode-and-parse of the generated suffix rather
than by a learned map on hidden states. This tests one transition only; a multi-step rollout
would need a separate closure or homomorphism assumption. I therefore test the decoded suffix
directly with full-trace CTF. Length-OOD and carry-pattern-OOD data enlarge only the support
on which that direct test has been carried out.

P . . intervene . : : continue -
recipient activation i ivation model transition
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Figure 1: Interchange test for counterfactual state authority. Success requires the edited model
transition to agree with the executable semantic transition.



3.3 Coordinate dependence

Mechanistic claims are sometimes attached to a raw coordinate, such as a particular neuron.
Such labels are useful for locating an implementation, but the coordinate need not be unique.

Coordinate dependence at a linear interface. Suppose h = Wi,z is passed directly to
y = Wouth, with no normalisation or nonlinearity at this interface. For any A € GL(d), set

h' = Ah, W, = AW, L= Wow AL

Then W/ k' = Woyth. This calculation shows coordinate non-uniqueness at a linear bottleneck.
It does not permit an arbitrary basis change through a complete transformer: in general,
LN(Ah) # ALN(h) and RMSNorm(Ah) # ARMSNorm(h). Residual addition, learned element-
wise gains, attention dot products and nonlinearities impose further restrictions. Permuting MLP
neurons or attention heads together with their associated weights remains a genuine symmetry.
I therefore specify the causal object by its intervention and measured effect; a coordinate name
alone does not fix it.

Park et al. (2024) sharpen this warning for linear representations. They formalise representation
directions through counterfactuals and derive a generally non-Euclidean causal inner product;
geometric conclusions can therefore depend on the inner product used to define projection and
similarity. Their result does not validate residual patching, but it is a reason not to equate an
arbitrary Euclidean direction with the semantic state before intervention evidence is available.

3.4 What superposition predicts about edit interference

For a local calculation, assume unit-norm dictionary columns d; and tied linear readouts
rj(z) = djT:U. Edit feature ¢ by setting 2’ = x + Ad;. The intended readout changes by A, while
an off-target readout changes by

Arj=d] (Ad;) = A(dj, di),  j#1.

Consequently,

D (Arj)? =AY (dj,di)? < (m—1)p*A% p=max|(d;, dj)].

— — 7]

J# J#i
The bound above is a worst case. For the average case, suppose the columns were drawn
independently and uniformly from the unit sphere; then E[d;d;] = I'/d and E(d;,d;)* = 1/d for
J # i, giving

B|Y (A = a2
J#1

Total interference then grows linearly with the overcompleteness ratio m/d, however small p
becomes. Dictionary design cannot escape this scaling: the Welch bound gives u? > (m —
d)/(d(m — 1)), which approaches 1/d as m grows (Welch, 1974). Learned dictionaries are not
random, but the reference case shows that a low-coherence dictionary can still carry large total
interference, spread thinly across many readouts.

For an active set of size k, k — 1 replaces m — 1. For an untied downstream readout wj, the off-
target term is ijTdi. This local bound does not account for model nonlinearities, normalisation,

8



the activation manifold or repair by redundant paths. It shows why reconstruction loss and
sparsity alone are insufficient measures of edit selectivity.

3.5 Information bottlenecks and visible rationales

The information-bottleneck objective seeks a representation Z that compresses input X while
preserving information about target Y (Tishby et al., 1999):

min I(X;Z) - BI(Z;Y).
p(z|x

Let R be the visible rationale prefix and H the hidden state after that prefix. An informational
diagnostic is the rationale sufficiency gap

Aguft = I(Y7H | R)

A large value indicates that the hidden state contains answer-relevant information absent from
the visible prefix. Mutual information by itself does not establish that the model uses this
information. The causal test I use intervenes on R and H separately. For a clean and corrupted
pair, a normalised patching-recovery score is

m(f@ T M e M=) - m(f(am))
m(F) = m(f@)

Recovery(M) = Me{R,H,(R,H)}.

Values above one or below zero are possible because the channels can interact. They should be
reported without clipping. The score is undefined when the corruption has no measured effect
on the metric; as with the repair index in Section 4.5, denominators below 10~% in magnitude
are recorded as undefined. These two diagnostics motivate the factorial design; version 1 does
not report them as endpoints.

3.6 Evaluation dimensions

For a claimed mechanism M, the following dimensions should be reported separately:



Table 2: Evaluation dimensions for a candidate mechanism. Mediation and stability are listed for
completeness; the version-1 gate covers transition fidelity, nuisance invariance and compositional

reach.

Axis Question Minimum evidence

Mediation Does causally transmit answer-relevant ~ Exact clean/corrupt patches and
information? multiple ablation baselines

Transition Does a semantic state edit produce the Interchange interventions with

fidelity correct next state? matched donors

Nuisance Does the mechanism survive paraphrase Low NIG on held-out

invariance and formatting changes? transformations

Compositional  Does it work on unseen state Structured out-of-distribution

reach combinations and lengths? split

Selective Can the state be changed without broad Target success plus collateral

editability damage? suite

Stability Is the description reproducible across Cross-seed /cross-method overlap

seeds, examples, and discovery

at the level of causal effect

methods?

These dimensions answer different questions. CTF and NIG test whether an edited state supports
the expected transition across contexts; mediation estimates contribution to the answer; and
collateral measures indicate whether the intervention is selective. Results are reported separately
by model, task and evaluation split.

4. Proposed experimental protocol

The protocol specified here is centred on multi-digit addition and residual-stream interventions
in open-weight decoder-only models.

4.1 Executable arithmetic traces

A semantic program is an operand pair together with its deterministic schoolbook execution. The
addition generator samples two equal-width, unsigned base-10 operands. It executes schoolbook
addition from the least significant column and records every transition. After zero-indexed
column ¢, the semantic state is

sy = (t,ci11, D),

where ¢;y1 is the carry into the next column and p; is the partial result in least-significant-digit-
first order. Each record also contains the operand digits, incoming carry, column total, output
digit, outgoing carry, next transition and final answer. The counterfactual oracle I define changes
one valid state field and recomputes the complete suffix with the same interpreter. A record is
one JSON object per line (JSONL); for example, the first transition of 47 + 58 is

{"column": 0, "operand_digits": [7, 8], "carry_in": O,
"column_total": 15, "output_digit": 5, "carry_out": 1,
"next_state": {"t": 0, "carry": 1, "partial": 5},

"final_answer": 105}

The canonical renderer prints the state fields in a fixed key order; the surface renderer changes
the opening wording and instruction-line layout while preserving the schema. Generation is
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greedy. A malformed, truncated or reordered generated trace is invalid; an executed invalid
trace receives CTF zero.

BASE EXECUTION

column0:7+8+0=15 column1:4+5+1=10 SR ETENET
47+58  —*> (do, c1) = (5, 1) — (d1, c2) = (0, 1) — 105
partial result pg = 5

T

1
I
1
1

semantic edit: carry only
oracle state remains valid

I

COUNTERFACTUAL ORACLE ;

same valid state edit: .01 <0 column1:4+5+0=9 oracle answer
operands — keep po = 5 fixed — (dy, c2) = (9, 0) > 95
recompute the complete suffix

CTF = 1 only if every downstream transition and the final answer match the oracle suffix.

Figure 2: Executable base and counterfactual traces for 47 + 58. The intervention changes the
carry from 1 to 0 while keeping the first partial-result digit fixed at 5; full-trace CTF requires
the complete suffix and final answer to match the oracle. The diagram specifies the test and
contains no model output.

I evaluate addition on four distributions:

Table 3: Addition splits used in the primary study.

Split Held out Purpose

IID Random semantic programs Baseline reliability

Surface OOD A second renderer for the same program Sensitivity to wording and
layout

Carry-pattern Complete carry-out signatures Generalisation to unseen

00D transitions

Length OOD Five- and six-digit operands Generalisation beyond

support lengths

I fixed the primary configuration to Qwen/Qwen2.5-1.5B-Instruct in bfloat16, prospectively,
because it is an open-weight instruction-tuned decoder with direct residual-stream access, is small
enough for exhaustive layer screening on suitable hardware, and has independent arithmetic-
mechanism evidence on the same model family: Bertolazzi et al. (2025) report digit-alignment
and error-detection heads in Qwen2.5-1.5B. The Qwen2.5 technical report also documents
mathematics and instruction-following evaluations across the model family (Yang et al., 2025).
However, neither source shows that this checkpoint can generate the exact JSONL arithmetic
traces required here. In fact, it is a study-specific eligibility condition rather than an assumption:
each required renderer/role stratum within a split must reach an unpatched full-trace fidelity
point estimate of at least 0.95 before its intervention results can enter the validation or final
decision gates of Section 4.6.

No baseline or intervention run has been completed under this configuration. At the start of any
run, the Hugging Face Hub alias is resolved to immutable model and tokenizer commits; those

11



hashes, rather than main, are written to the run manifest. Optional replication presets for other
checkpoints are kept separate from the frozen study configuration.

Table 4: Semantic-program counts for the addition study under protocol version 3; the decision
rules in Section 4.6 are the version-1 claim set. Each surface-OO0D program has canonical and
surface renderings.

Stage Split Target programs Donor programs
Discovery 11D 512 512
Calibration 1ID 256 256
Validation 11D 512 512
Validation Surface OOD 512 512
Final 11D 512 512
Final Surface OOD 512 512
Final Carry-pattern OOD 512 512
Final Length OOD 512 512

These counts are per semantic split; state-level intervention cases are generated from every
eligible non-final column. Every 2-to-4-digit split uses fixed 10%, 40% and 50% width strata;
length OOD divides evenly between widths 5 and 6. At each supported width, carry-pattern
OOD holds out the first canonically hash-ranked carry signature and its bitwise complement,
ensuring both carry values remain donor-matchable at every position. The validation and final
allocations are fixed at 512 programs per semantic split, a nominal 128-cluster margin over the
decision-rule floor in Section 4.6. Discovery and calibration counts remain operational capacity
choices.

Dataset generation requires a clean Git commit and records it with the purpose, seed and exact
hashes. An existing dataset is verified and returned only when its content is identical; corrupt or
different content is not overwritten. A prompt or protocol change therefore requires a new study
identifier and output root. Each stage writes the exact planned trial count before inference.
If the required compute or trace storage is unavailable, the configuration must be revised and
re-hashed before opening model outcomes; completed cells will not be silently downsampled.

I use program hashes, rather than prompt text alone, for leakage checks (Table 4). Target
and donor pools are disjoint. A compatible donor must match research stage, split, renderer,
semantic position, covering token-span length, activation shape and declared nuisance fields,
while differing in the target state. Covering BPE tokens may include invariant JSON delimiters;
donor and receiver absolute token positions need not match for donor identification, but an
executed transfer must still satisfy the equal-index eligibility rule of Section 4.4. I store cases
without a compatible donor as missing_donor.

4.2 Separation of research stages

I keep discovery, calibration, validation and final evaluation in separate, hash-verified files.
Discovery data rank layers and timing boundaries. Calibration data are used for exact replay and
site selection. Validation data test the frozen candidate on held-out IID and surface pairs. Only
candidates fixed after validation are evaluated on final 11D, surface-OOD, carry-pattern-OOD
and length-OOD data. The staging follows registered-reports logic: the analysis is fixed before
outcomes are observed (Nosek et al., 2018).

The final files are created on disk with the other partitions, and the pipeline keeps the stages
separate by loading only the relevant partition: discovery, calibration and validation do not read
or deserialize final records. This is a pipeline access rule, not investigator blinding (Figure 3).
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In each run manifest I record the model and tokenizer identifiers and immutable revisions,
purpose, seed, dataset hash, Git commit, package lock, device and precision, decoding settings,
layer hook and token boundary. Executed trials retain every generated token ID and decoded
output. Authority full-vocabulary diagnostics are computed online and retain only their scalar
results; autoregressive and teacher-forced logit vectors are discarded after use.

The hashed dataset contains the exact prompt bytes for each record. Pre-execution failures
leave those artifacts null and carry an explicit status and reason, and missing experiments
are never replaced or imputed. Pilot and smoke summaries are written under diagnostics/
and carry publication_evidence=false; only the publication configuration can create new
publication/ output. Retained diagnostic artifacts made before this guard may still use that
historical directory name, but they remain pilot or smoke evidence.

Final evaluation
Discovery Calibration Validation 1D
rank freeze ass
IID programs separate |ID programs 1ID + surface OOD P surface OOD
rank layers and timing exact replay; freeze held-out authority gate carry-pattern OOD
hash: D_disc hash: D_cal hash: D_val length OOD

hash: D_final

Protocol-v3 allocation: 9,728 rendered records

I Discovery 1,024 (10.5%) W Calibration 512 (5.3%) Validation 3,072 (31.6%) Final 5,120 (52.6%)

Surface-OOD semantic programs contribute canonical and surface renderings.
Counts come from frozen protocol v3; they are not model outcomes.
No target, donor or program hash is reused across stages.

Figure 3: Data separation, candidate freezing and rendered-record accounting. Final files exist
on disk, but discovery, calibration and validation do not load their records. The lower bar reports
the protocol-v3 allocation; it is not model evidence.

4.3 Discovery and exact calibration

For each layer and timing boundary, discovery computes the first-order score

Sus) = i (187 1),

Here g, with the gradient evaluated at the base run, is the counterfactual-token logit minus the
base-token logit at the first aligned downstream token where the two oracle suffixes differ. It
scores the first diverging token only; the complete transition is tested by exact replay. This score
is used only for ranking. I then repeat each finite candidate in calibration with an exact replay
and measure the change in the same logit gap.

The selection rule I apply groups calibration trials by task family, target field, timing and hook.
Every program contributes one mean exact-replay effect and one mean same-norm random effect.
In publication mode, a site is eligible only with at least 128 completed paired programs in both
exact-replay and same-norm random arms, positive discovery attribution, positive exact-replay
mean and exact-replay mean above the random-control mean. Smoke and pilot modes use a
one-program floor so the path remains executable. For each family, field and timing, the eligible
hook with the largest exact-replay mean is selected. An exact tie goes to the lower layer.
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Calibration remains a ranking screen: it does not require all planned trials to finish or confidence-
bound separation. The site table records program-level planned, exact-valid, random-valid and
minimum counts; all accompany any selected-site result. A candidate that exists only as an
attribution score may remain in the discovery audit table, where it is marked non-publishable,
but it cannot enter validation or count as mechanistic evidence.

The executable study is limited to whole-block residual replacements. Its hidden-arm question
is whether a compatible complete donor vector operationally steers the suffix at a selected
boundary; success does not identify the named semantic state as the transported cause or localise
it to a minimal head, neuron or direction. A compatible donor vector preserves covariance
among features present in that activation and permits exact replay without fitting a second
representation model on the calibration set. This makes the replacement a deliberately broad
interchange test.

The breadth is also its main limitation. A successful replacement would show that the activation
at the selected site controls the tested transition under this intervention. It would not show
that the whole block computes the transition, that the semantic tuple is the only transferred
information, or that a smaller component would suffice. ACDC, DAS, SAE discovery, head-level
path patching and persistent weight editing remain follow-up analyses rather than evidence
supplied by this study.

4.4 Intervention conditions and timing

The factorial design has four cells:

Table 5: Hidden and visible intervention cells.

Cell Hidden residual Visible state tokens
Yoo Base Base

Yio Exact compatible donor Base

Yo1 Base Counterfactual

Y11 Exact compatible donor Counterfactual

The hidden intervention replaces the complete residual activation at the selected site and is
applied at three semantic boundaries: the prefix position that predicts the state value, the
final emitted token of that field, and the delimiter immediately before the next operation. The
visible intervention does not depend on the boundary. It forces the complete counterfactual
next_state span of the edited record as one block while preserving the treatment-appropriate
prefix; fields of that record printed before the span keep their base values, and every later field,
including the next record’s incoming carry, is generated by the model. The forced record can
therefore be visibly inconsistent with the operands, and a Yj; outcome is read against that
self-contradictory context rather than as evidence about a consistent edit. Yp; is evaluated once
per case and shared across boundaries, whereas Yip and Yij; are evaluated at each boundary.
Scoring begins at the first token the model generates after the intervention. A hidden patch
at the first boundary lands before the state field is emitted, so the scored span there includes
the field itself; a pass at that boundary is reported together with the fraction of cases whose
emitted field changed. Base arms follow the same decoding procedure as treated arms; only the
intervention content differs. The historical hidden patch is reapplied during each subsequent
forward pass; generation does not rely on a stale key-value cache (Figure 4).
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Subword token alignment for visible edits

The visible intervention is defined at the token level, and Qwen2.5 uses byte-level byte-pair
encoding (BPE). A character span marking a state field can therefore cross a tokenizer boundary,
and two values can occupy different numbers or positions of tokens. Each field is tokenised with
the frozen run tokenizer before any model outcome is opened. Eligibility requires both character
boundaries to coincide exactly with tokenizer offsets and the base, donor and counterfactual
spans to occupy the same token indices, intervention boundary and activation position. An
eligible visible edit therefore changes the forced token IDs without shifting downstream position
indices. This removes the position-shift confound for eligible cases; it does not hold downstream
hidden states fixed, because reading a different token is the intended treatment.

Misaligned fields are not repaired by splicing partial tokens or padding the shorter value. They
are recorded as token_misaligned in the coverage ledger and excluded before treatment. 1
report them by split and target field, beside the coverage counts (planned, eligible, executed,
metric-valid). This narrows inference to equal-position tokenisations. It applies to hidden donor
transfer as well as the visible arm, because copying a residual from a different absolute position
would mix the state edit with positional information.

before emission after emission before next operation
Generated trace | i

I
1 1 1
e . . I . I I . .
prefix position predicting ! emmgd ! delimiter |! next amhAmeUC decoded suffix
state value | state field | | operation
1 1 1
| | |
1 1 1
Hidden channel I : !
I_| exact residual replacement ! >
! reapplied during generation |
I I
Visible channel
force counterfactual N
state-field tokens
) visible base visible counterfactual
Factorial cells
) Yoo Yo1 Matched controls
hidden base unaltered baseline visible onl!
y shuffled donor
unrelated donor
hidden d Y10 Y11
idden donor| hidden only joint same-norm random vector

Hidden and joint cells are evaluated at each boundary; visible-only once.

Figure 4: Hidden and visible intervention channels. Hidden patches are tested at the three
semantic boundaries; the visible edit forces the state-field span once.

For the hidden and joint arms I use three controls at the same layer and timing. A shuffled
donor has the required target state and comes from a second donor program that satisfies every
compatibility rule of Section 4.1 except one: when a nuisance field is declared, it must differ from
the active donor on at least one such field. Under the state hypothesis a second vector carrying
the same state should reproduce the active result, so the shuffled donor is a replication check
rather than a negative control: whether or not donor-identifying nuisance fields are declared,
the simultaneous active-minus-shuffled CTF interval must lie within [—-0.10,0.10]. A result
that depends on which donor supplied the vector therefore counts against clean state transfer;
donor-specific carry-over is measured separately by donor leakage. An unrelated donor retains
the base or an unrelated state. A seeded random vector is sampled on the sphere, scaled to the
norm of pdomor _ precipient within the numerical precision of the activation dtype, and added to
the recipient activation. The unrelated donor and the random vector are the negative controls.
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Controls mirror the active channels of the intervention arm they test (Figure 5). I distribute
each control across the compatible frozen pool with a deterministic case-to-donor hash rather
than repeatedly taking its first record. These controls apply to the hidden and joint arms; the
visible arm carries no donor content to leak and is guarded by the full-trace endpoint and the
NIG alone. A forced-unrelated-token control is the natural analogue and is deferred rather than
pre-specified.

Recipient x
stage, split, renderer
semantic position and span
activation shape
declared nuisance fields q

base state s

Compatible donor x’
same stage, split, renderer
same position, span and shape
same declared nuisance q
different program hash

target state s' = s

Exact intervention
hite < site(X')
same layer and timing
decode the complete suffix

compare with O(x, s')
report CTF, DL and CKL

Matched controls

Shuffled donor

target state s' preserved
second site-matched context

nuisance differs when declared

Unrelated donor

base or unrelated state
same hook and boundary

tests nonspecific replacement

Same-norm random

Orand Sampled on a sphere
18randll = Ih(x’) = h(x)ll

tests perturbation magnitude

All controls mirror the active channel, layer and timing of the arm they test.
Missing compatible donors remain explicit; they are not replaced or imputed.

Figure 5: Compatible donor construction and matched controls. The active patch and each
control use the same layer, timing and channel; they differ only in the vector written into that
activation. Missing compatible donors remain missing.

4.5 Primary and diagnostic metrics

Let O; be the executable counterfactual suffix and 7T; the parsed model suffix. I take the primary
CTF estimand to be conditional on an intact recipient baseline, an intact compatible-donor
baseline where the cell uses one, and an executed intervention; inference is therefore over cases the
unpatched model already solves. The executable estimand is program-weighted: each recipient
program contributes the mean over its eligible cases, so programs with more eligible columns
do not carry more weight, and this replaces the case-level expectation of Section 3.2 whenever
programs contribute different numbers of cases. Pre-execution failures remain in the coverage
ledger but do not enter the metric denominator. Once an intervention is executed, a malformed,
truncated or otherwise invalid continuation receives CTF zero. Full-trace fidelity is

T; is valid,
CTF; = 1 |every downstream transition agrees with O;,

the final answers agree

The state-authority contrasts use cell means:

H = Y9 — Yoo, V = Y01 — Yoo, J = Y11 — Yoo, I =Y11— Y0 — Yo1 + Yoo.
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Here I denotes the interaction contrast, not the interchange operator I of Section 3.2.

These are intervention-response contrasts; a complete mediation decomposition would need a
different design. A label of hidden, visible, both, neither or indeterminate is assigned only after
the pre-specified CTF, control, NIG and leakage confidence bounds are applied.

Repair is measured from the model’s preference between complete counterfactual and base
semantic fields. If Ly (C) and Li(B) are their length-normalised log likelihoods at checkpoint &,
then

L.(C Sint_sOO En
Sy, = op Ly (C) B = 2k 2k RI = 1 — ——nal

exp L(C) + exp L(B)’ 180 Eimmediate

RI is not clipped. Zero indicates persistence of the immediate effect and one indicates full repair;
negative values and values above one are retained. The index is descriptive; version 1 assigns
it no pass or fail cut-off. Coincident candidates or denominators below 10~¢ in magnitude are
explicitly undefined.

For nuisance fields J; whose donor value differs from both the base and the counterfactual oracle,
donor leakage is

1
DLi = 1z > 1[Ti ;= Dyl
tfeF:

An invalid generated trace makes donor leakage undefined rather than evidence of no copying;
an empty eligible field set is likewise undefined and does not create a leakage requirement. The
current collateral diagnostic is the mean full-vocabulary KL divergence at aligned post-boundary
token positions P; where the base and counterfactual oracle token IDs are equal:

1
CKL; = 2 > Dkr(poop(-) || Pintp(+)) -

peEP;

I compute log-probabilities in float64, without smoothing, clipping or top-k truncation; positions
where the intervened distribution assigns zero probability to a token the base distribution assigns
positive mass are recorded as infinite rather than truncated. Note that equality of oracle token
IDs is only a token-level alignment rule; CKL is not presented as a semantic-invariance or safety
certificate. Every active cell also receives a damage report containing the repair index, donor
leakage and field coverage, CKL with its interval, trace-validity rate, and the coverage counts.
The report is descriptive: version 1 has no CKL rejection threshold, and a low mean CKL cannot
rule out a concentrated failure at an unmeasured token or task.

4.6 Decision rules and reporting

Primary intervals come from one deterministic hierarchical bootstrap with 200{,}000 replicates,
and every interval is read from the same replicates. Because one donor program may serve
several recipients, each replicate resamples recipient programs and donor programs independently
(a two-way cluster bootstrap); a case enters with the product of its recipient’s and its donor’s
multiplicities, and visible-only cases, which have no donor, enter with the recipient multiplicity
alone. State-level cases from the same recipient program share a cluster, and every sampled
program contributes one equally weighted within-program mean. Canonical and surface rows
are paired before the corresponding surface-program cluster is resampled. The intervals are
percentile intervals. At the level used here each two-sided tail quantile rests on about 357 replicates
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(about 714 for a one-sided bound), but percentile coverage at such small tail probabilities is
only approximate near the cluster floor. Bonferroni-adjusted interval levels target nominal
simultaneous 95% coverage over the evidence used to classify one frozen candidate site. One
interval family is instantiated per evidence family. The paired-surface family contains 14 intervals:
for each of Y7¢ and Yj1, the CTF bound, the advantages over the unrelated-donor and random
controls, the shuffled-donor replication interval, the NIG interval and the donor-leakage bound;
for Yp1, the CTF bound and the NIG interval. The IID family omits the three NIG intervals,
which require paired renderings of the same program. The divisor stays at 14 in every family
even where an interval does not apply, so the correction does not depend on realised data, and
the central interval level is 1 — 0.05/14 = 0.99643. Each family carries its own 0.05 budget, and
every classification is stated per evidence family; the study makes no joint coverage claim across
families. This coverage statement is site-specific; the study reports every frozen site and makes
no omnibus claim that at least one site in the set is authoritative. I count an arm as supported
only when the simultaneous lower CTF bound is at least 0.80, its lower paired advantages over
the unrelated-donor and random controls are each at least 0.10, its shuffled-donor replication
interval and its paired NIG interval each lie within [—0.10,0.10], and, when donor-identifying
nuisance fields are declared, the upper donor-leakage bound is at most 0.05. The visible arm has
only the CTF and NIG guards.

I fix a prospective floor of 384 independent complete semantic-program clusters for every
applicable IID and paired-surface evidence family. A cluster is complete for a decision when it
contributes at least one case in which every arm and control that the decision uses was executed
and scored, with both renderings for paired-surface evidence. The floor applies to the set each
decision actually uses: the per-arm set for advancing a site, and the common complete-case
set of Section 6.2 for assigning a label. The floor is an operational capacity choice fixed before
any model outcome is opened, not a quantity estimated from data; all estimates, intervals,
completion counts and the damage report are still shown below it, but the arm cannot be
supported or ruled out and the profile remains indeterminate. Repeated state rows from one
program do not increase this count. Carry-pattern-OOD and length-OOD results are reported
descriptively and carry no separate cluster floor. The 512-program validation allocation leaves a
25% margin, and that margin applies to the set the label uses. With k& independent completion
conditions each retained at rate ¢, joint completion is ¢*, so keeping 75% of programs jointly
needs ¢ > 0.75'/%: about 0.93 for four conditions and 0.98 for fifteen. If qualification runs
indicate joint completion below 0.75, the allocation is enlarged and the configuration re-hashed
before any intervention outcome is opened (Section 4.1); it is never topped up afterwards. I did
not relax the interval correction because the same profile also rules an arm out when any one
guard excludes its cut-off; a within-arm intersection-union argument protects support, but not
false exclusion across several guards. The decision rule does not calibrate CKL and supplies no
basis for a selectivity threshold.

The floor also fixes what the CTF guard can detect. In the least informative case, where cases
within a program are perfectly correlated and each of 384 programs counts as one Bernoulli
outcome, the lower bound at level 0.99643 reaches 0.80 only when observed CTF is at least
about 0.853. The probability of clearing the CTF guard is then about 0.44 at a true CTF of 0.85,
0.84 at 0.87, 0.95 at 0.88 and above 0.99 at 0.90; weaker within-program correlation raises these
figures, and requiring every other guard to pass lowers them. The design is therefore sensitive
only to near-complete transfer: an arm with true fidelity near 0.85 will often be classified as
indeterminate rather than supported.

So a candidate does not pass validation if exact replay fails, task-consistent effects disappear on
held-out data, or applicable negative controls perform similarly. A split enters the authority
gate only when the unpatched baseline full-trace fidelity point estimate on that split is at least
0.95; below this floor a patched fidelity near chance is uninformative, so the split is reported
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as baseline-ineligible and can neither support nor refute authority. CKL is reported beside the
authority result, but version 1 has no pre-specified CKL threshold and makes no selectivity or
safety claim from it. I produce CSV and Parquet tables from immutable run rows and regenerate
every figure deterministically from them (Figure 6). The coverage counts keep failed and missing
runs visible without adding them to conditional metric denominators.

Full-trace CTF Control advantage Equivalence Donor leakage
Candidate arm huffled replicati NI
I—» pimultaneous lower bound—yp | paired lower bound = 0.10 |—» uttie ‘mp od Ion,+, upper bound < 0.05
> 384 complete each interval within ) )
program clusters >0.80 versus unrelated + random [-0.10, 0.10] when nuisance fields
o are eligible

all applicable guards pass

l

Arm supported on validation

candidate may advance to frozen final evaluation

failure of a guard can remain indeterminate

Always report planned, eligible, executed and metric-valid counts.
CKL is reported beside the authority result; version 1 has no CKL threshold.

A hidden, visible, both or neither label uses all arms and applicable controls on one common complete-case set.

Figure 6: Pre-specified validation gate for one candidate arm. Support requires at least 384
independent complete program clusters and every applicable simultaneous confidence-bound
guard. CKL and completion counts are reported but do not enter the version-1 gate.

5. Evidence from prior work

This section reviews studies that directly inform the protocol. Their models, tasks and interven-
tion definitions differ, so the reported values should not be compared as if they came from one
benchmark. Numerical details are attributed to the study from which they were taken.

5.1 Existence proofs: transformers can learn algorithms
The cleanest algorithmic evidence comes from tasks small enough to reverse engineer.

Modular addition. Nanda et al. (2023) analysed grokking in a transformer trained on a + b
(mod 113). The learned computation embeds inputs using a small set of Fourier frequencies,
combines them through trigonometric identities, and reads out the modular sum. Ablations
and restricted loss curves track the emergence of this circuit. Zhong et al. (2023) later found
qualitatively different clock-like and pizza-like mechanisms across training conditions, including
models that used more than one mechanism. These results show that a model can generalise
with a compact algorithm while the precise circuit still depends on training.

Iteration heads. Cabannes et al. (2024) constructed a two-layer transformer with one attention
head per layer and studied synthetic chain-of-thought iteration. In their account, the first head
locates the end of the input sequence, an MLP helps identify the current step, the second head
retrieves the current item, and the last MLP and output map implement the successor operation.
Pretraining transfers to parity, with successful fine-tuning in fewer than 30 epochs in their
averaged 100-run study. This controlled model is relevant to the present transition test, though
its scale and training setup differ from a pretrained language model.
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Symbolic path finding. Brinkmann et al. (2024) trained a transformer on a symbolic multi-step
reasoning task. “Deduction heads” climb a tree one level per layer while register-like tokens hold
parallel subproblems. The learned strategy is depth-bounded: when the computation exceeds
the available unrolling, the model falls back on heuristics. This result motivates reporting length
OOD separately from IID transition fidelity.

Together, these studies show that transformer computations can be described at the level of
intermediate transitions in controlled tasks. They do not estimate how often the same account
applies to pretrained models. They also motivate two parts of this protocol: testing hidden and
token positions separately, and keeping computation length as an OOD factor.

5.2 Narrow circuits in pretrained language models
GPT-2 greater-than

Hanna et al. (2023, Sections 3.2 and 3.3) reverse engineered GPT-2 Small on prompts such as
“The war lasted from the year 17 32 to the year 17...”, where the model should prefer a two-digit
completion greater than 32. Using zero-based indices, they identify seven upstream attention
heads (a9.h1, a8.h11, a8.h8, a7.h10, a6.h9, a5.h5 and a5.h1) that transmit information about
the comparison year to the prediction position. MLPs 9 and 10 directly raise logits for values
above the comparison year; MLP 11 has a more restricted positive effect, and MLP 8 acts mainly
through later components.

Targeted interventions and a hand-specified circuit recover much of the behaviour, and ACDC
later rediscovered its component types (Conmy et al., 2023). The comparison is performed in a
single forward pass over a rigid prompt family, so it does not address visible chain-of-thought.

Arithmetic as a bag of heuristics

Nikankin et al. (2025) analysed arithmetic in pretrained language models and found causally
important middle-to-late MLP neurons associated with recognisable heuristics. The reported
categories include magnitude and digit-pattern rules that combine to produce an answer; one
reported family fires when an operand or result is a round number, while others track which
digit occupies a given position. The study interprets the mechanism as a collection of heuristics
instead of one general arithmetic routine.

The carry-pattern and length splits test whether these heuristics remain stable under counterfac-
tual changes.

Quirke and Barez (2024) reverse engineered a one-layer transformer trained from scratch on
digit-token addition. In the three-head configuration analysed most closely, time-offset heads
form a double-staircase attention pattern over operand pairs. Their account decomposes middle
output digits into a base addition signal and two carry-related signals from adjacent columns;
the MLP combines them one token before output. Cascading carries through runs of nines
remain a rare high-loss case. A small addition model can therefore distribute carry logic across
parallel local computations rather than maintain one serial schoolbook tuple. Whether Qwen2.5
uses the same mechanism remains untested.

Using causal mediation on arithmetic questions, Stolfo et al. (2023) found that early and middle
attention components transmitted query information to the final token, after which later MLPs
supplied result-related information. The finding concerns information flow in the tested models;
whether an exact schoolbook-addition state machine exists remains open.

Two further results bound what the present test can expect. Levy and Geva (2025) found
per-digit circular base-10 representations in Llama 3 8B and Mistral 7B, and their digit-direction
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edits affected generated number values. This motivates digit- and carry-specific hypotheses, but
it does not establish that the models tested here encode the full addition state.

Li et al. (2024) prove an expressivity result: with 7" autoregressive intermediate steps and
logarithmic embedding dimension, a constant-precision, constant-depth transformer can express
functions computed by Boolean circuits of size T'. Their experiments compare chain of thought,
hints and direct prediction on modular addition, permutation composition, iterated squaring
and circuit value, with the clearest chain-of-thought gains on the tasks treated as inherently
serial. The result explains how emitted tokens can add sequential computation. Left open are
whether those contents are faithful, whether ordinary multi-digit addition requires visible tokens,
and whether an instruction-tuned Qwen model naturally relies on its printed carry.

Arithmetic validation heads

Bertolazzi et al. (2025) studied whether small language models can recognise that a displayed
arithmetic result is inconsistent with a final answer. In Qwen2.5-1.5B, layer 12, head 2 aligns
corresponding digits between the arithmetic result and answer across the study’s 5,000-prompt
analysis (their Section 4.2). The authors distinguish lower- and middle-layer consistency heads
from later computation components. Their interventions on six consistency heads control error
detection, and a residual-stream feedback intervention improves detection of consistent but
incorrect answers (their Sections 4.2 and 4.3).

The interventions identify a consistency component in a sizeable prompt set, but agreement
checking and arithmetic recomputation remain distinct tasks.

Multi-step deduction in Llama-2

Dutta et al. (2024) analysed Llama-2 7B on PrOntoQA deduction. Heads implicated in decision,
copying and induction (Olsson et al., 2022) overlap substantially. The paper reports multiple
parallel answer pathways and a division between earlier processing and later answer construction.

The result is compatible with a distributed and redundant mechanism. Because pruning can
leave alternative paths intact, the retained set should not be treated as a unique reasoning
circuit.

5.3 Reasoning traces as control plane and external memory
Thought anchors

Bogdan et al. (2025, arXiv:2506.19143v4, Sections 2.1 and 4.1) studied R1-Distill-Qwen-14B
on 20 challenging MATH problems. They selected one correct and one incorrect trace for each
problem, giving 40 responses. The responses averaged 144.2 sentences and 4,208 tokens. They
identify receiver heads whose attention narrows towards particular sentences; layer 36, head 6 is
one example. Split-half reliability of head kurtosis was r = .84. Among the 16 heads with the
highest kurtosis, the mean pairwise correlation of sentence-level vertical-attention scores was
.56, compared with .35 across arbitrary heads. However, these correlations concern attention
concentration; they do not measure causal sentence influence directly.

In a separate 32-problem ablation study, accuracy was 48.8% after ablating 256 receiver heads
and 52.7% after a layer-matched non-receiver control (their Appendix L). With 512 heads
ablated, the corresponding values were 27.7% and 37.3%. The authors suggest that the long
traces permit error correction or compensation, which may explain why a separation appears
only under broad ablation. This supports a distributed routing role for receiver heads in the
tested traces.
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Attribution graphs in Claude 3.5 Haiku

Anthropic’s 2025 circuit-tracing work replaces MLP computations with cross-layer transcoders
and constructs attribution graphs for selected behaviours (Lindsey et al., 2025; Ameisen et
al., 2025). One case follows the prompt “Fact: the capital of the state containing Dallas is’
through a Dallas — Texas — Austin feature path. Replacing the Texas feature cluster with
a California cluster changes the answer to Sacramento; analogous swaps produce Atlanta for
Georgia, Victoria for British Columbia, Beijing for China, and Constantinople for the Byzantine
Empire. These counterfactual substitutions provide evidence beyond the semantic feature labels.

?

The same work contrasts a calculation of 1/0.64 = 0.8 with examples where the model produces
plausible intermediate claims for a difficult cosine question or reasons backwards from a supplied
answer. The cases illustrate that generated explanations can relate to internal computation in
different ways.

The attribution graph is built over a learned replacement model. The authors report omitted
query-key attribution, approximation error and unexplained “dark matter” contributions. The
feature swaps therefore establish control in selected cases while leaving the completeness of the
graph unresolved.

Latent chains of thought

Continuous-reasoning methods such as COCONUT and CODI replace some verbal reasoning
tokens with latent states (Hao et al., 2024; Shen et al., 2025). They demonstrate that useful
intermediate computation need not be rendered as natural language. This weakens any attempt
to define reasoning by the presence of an English transcript.

Liang and Pan (2026) analyse small CODI-style models on controlled polynomial tasks. In
their three-layer, two-head setting, two- and three-hop problems produce bridge states in the
latent channel, while the final answer uses a copy-like route from the input with late fusion of
intermediate information. At longer hop counts the representation often contains only partial
late intermediates. Under prime-modulus evaluation, explicit chain of thought performs better
than the latent method. As a controlled example it is informative; its three-layer scale and
polynomial tasks remain far from multi-digit addition in a pretrained model.

5.4 Superposition tools: progress and negative results

Sparse feature circuits combine SAE-like features with edge attributions. Marks et al. (2025)
show that sparse features can produce compact causal graphs on several language behaviours.
Dunefsky et al. (2024) evaluate transcoders in models from 120M to 1.4B parameters and
demonstrate feature-circuit analysis on GPT-2 Small. These methods provide a feature-level
view of communication between components.

Several reported limitations are relevant to the present study:

« Makelov et al. (2025) find that SAEs trained on IOI activations recover relevant features;
standard SAEs control the known causal variables less well than supervised features,
whereas Gated and Top-K SAEs are competitive on disentanglement and control. Feature
occlusion and over-splitting remain.

o Leask et al. (2025) show that SAE dictionaries are not canonical: larger dictionaries
reveal refinements absent from smaller ones, and meta-SAEs decompose apparently atomic
latents.

e In the Mechanistic Interpretability Benchmark, attribution and mask-optimisation methods
perform best at circuit localisation, supervised DAS performs best at causal-variable
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localisation, and SAE features do not generally outperform neurons on that causal track
(Mueller et al., 2025).

o X. Chen et al. (2026), an SAE study of CoT on Pythia-70M and Pythia-2.8B, report that
patches from CoT to no-CoT runs can improve correct-answer logits in the larger model
but are unstable in the smaller one. Randomly sampled CoT features outperform top-K
most-salient features in the reported 2.8B experiments. In one patch curve, the reported
Alog P rises from about 1.2 to 4.3. These analyses use the GSM8K training split.

SAE reconstruction and interpretability scores do not establish causal control, so SAE features
require the same intervention tests as other candidate representations.

5.5 Faithfulness, ablation, and repair

Circuit metrics inherit the assumptions of their interventions. Miller et al. (2024) systematically
vary ablation choices and show that the apparent faithfulness of transformer circuits can change
substantially. Mean ablation, zero ablation, resampling and corrupted activations produce
different intervention distributions and answer different counterfactual questions; zero and noise
ablations have a particular risk of creating out-of-distribution activations.

McGrath et al. (2023) demonstrate the “Hydra effect”: after one layer is ablated, later components
can increase their contribution and partially repair the model’s output. A component can be
causally active in the intact model but appear unnecessary after compensation. Reasoning traces
make this especially costly: several heads may encode the same intermediate result, or rederive
it from the visible tokens themselves.

Lieberum et al. (2023) identify localised components for some behaviours in Chinchilla-scale
models, including a 70B model. Their semantic descriptions remain partial and can fail on
broader randomised-label distributions.

Hase et al. (2023) compare knowledge-localisation methods with subsequent factual editing
and find that causal-tracing scores do not reliably identify the layer where an edit works best.
Although this result concerns factual editing, it shows that a site carrying information may be a
downstream bottleneck or a redundant copy.

The studies reviewed here provide causal evidence in several controlled tasks and partial evidence
for distributed state and routing in larger models. Because their metrics and interventions differ,
they are used to motivate controls rather than to support a general chain-of-thought claim.

Two recent studies bound the present design from opposite sides. Shih et al. (2026) create
an editable state register through trace supervision and show that rewriting its internal value
makes the model apply the next operation to the edited state; their setting trains the state
into place and scores a single transition, whereas the present test targets an untrained elicited
trace and requires the complete counterfactual suffix. The same work reports that replacing
an activation at one layer recovers under 2% of the through-layer patch effect, direct evidence
that a single-site whole-vector transplant need not reproduce the natural configuration — one
reason a pass here is read as operational sufficiency rather than identified state transport. Yuan
et al. (2026) report the complementary negative result: a probe decodes trace correctness at
0.95 AUROC, yet steering, best-of-N, self-correction and activation patching all fail to change
behaviour, so the signal is diagnostic rather than causal — the gap a passing hidden arm here
must cross. Macar et al. (2026) further find that off-policy edits to a reasoning trace have small
and unstable effects relative to counterfactual resampling, which motivates the matched-donor
and equal-position restrictions adopted above. Two closer precedents each cover one arm. Zhu et
al. (2025) edit intermediate values printed in the chain of thought for multi-digit multiplication
and dynamic programming and find that later tokens and the final answer change accordingly;
that is the visible-only arm, without an executable full-trace oracle, a hidden-arm comparison or
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pre-specified gates. Mehrafarin et al. (2026) patch hidden states of individual chain-of-thought
tokens into direct-answer runs on GSMS8K and recover answer information concentrated in
mid-to-late layers; their donor is the same question’s own trace rather than an edited semantic
state, and their endpoint is answer accuracy rather than transition fidelity.

6. Primary carry intervention

6.1 Worked counterfactual

Consider the least-significant-digit-first execution of 47 4 58:

7+8+0:15:>(d0701):(5,1),
474+58: 4+4+5+1=10= (d1,c2) = (0,1),
0+04+1=1=105.

Immediately before the tens-column transition, the intervention changes the carry from ¢; = 1
to ¢; = 0 while retaining the partial result digit 5. The executable counterfactual suffix is

1 0: 44+5+0=9= (di,c) = (9,0) = 95.

Figure 2 depicts this branch and its full-trace scoring requirement. The target is the complete
trace ending in 95; a higher logit for token 95 alone does not count. A continuation that returns
to 105 is counted as failure of CTF and may show repair of the original state. I generate
the same test at every eligible column, in both carry directions, and for partial-result edits.
Donors are matched by the rules in Section 4.1. The counterfactual is valid in the state space
— some operand pair produces a zero carry at that column — but it is unreachable from the
receiver’s own operands, since 7+ 8 = 15 forces ¢; = 1 in the unedited program. That deliberate
history-inconsistency is the intervention, and it is also what lets a repair process recompute the
original carry (Section 8.2). That is the entire test.

6.2 Interpretation of the four cells

The factorial conditions support eight primary descriptions:
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Table 6: Primary state-authority interpretations. “Ruled out” means that an arm’s simultaneous
bounds exclude at least one guard cut-off (Section 4.6); it does not by itself mean that the
intervention had no effect, and each row is reported with the guard that decided it. “Congruent”
means the paired intervention carries the same counterfactual state.

Validated pattern Interpretation within this experiment

Y10 and Y71 pass; Yo is ruled out Hidden intervention passes the selected rule;
visible intervention does not

Yy1 and Y7 pass; Yig is ruled out Visible intervention passes the selected rule;
natural dependence is not established

Y10, Yo1 and Yp; all pass Both interventions are separately sufficient;

interaction is reported separately

Only Y11 passes; Y1p and Yp; are ruled out  Only the congruent joint intervention passes;
necessity is not identified

Y10 passes; Yy1 and Y7, are ruled out Hidden steering works alone but congruent visible
forcing removes efficacy; an antagonistic pattern

Yp1 passes; Y19 and Y71 are ruled out Visible forcing works alone but congruent hidden
replacement removes efficacy; an antagonistic
pattern

Y10 and Yy pass; Yiq is ruled out Each channel suffices alone; the congruent pair
fails, a non-additive interaction reported
separately

All active arms are ruled out No arm passes the selected rule; efficacy and
guard failures are separated

I report two classifications: a CTF-only efficacy label and a guarded-authority label that
additionally requires control advantage, nuisance invariance and low applicable leakage. A
guarded failure therefore cannot be read as absence of efficacy. If confidence bounds do not
support or rule out the required arms, the corresponding result is indeterminate. Visible-only
means that no residual is directly replaced. It does not mean that later hidden states remain fixed:
once the forced token is read, its embedding changes every subsequent residual computation.
A passing Yy arm therefore establishes the efficacy of that token intervention, not that the
unpatched model naturally depends on the printed field or that a hidden representation is
redundant. Natural necessity would require a separate equal-span corruption or ablation of the
model’s own emitted field; full mediation would require a different design. The same caution
applies to a successful hidden-only arm: it does not prove that the visible channel has zero
mediated effect.

Applicable donor leakage enters the authority gate. CKL, the damage report and final OOD
performance are reported separately and limit claims about selectivity and generality.

In validation I first restrict the four factorial cells to shared complete cases, then apply the
controls required for each arm. I advance a site to final evaluation if at least one arm passes
all of its guards. Assigning a hidden, visible, both or neither label is stricter: all arms and
applicable controls use one common complete-case set. The label remains indeterminate if an
arm needed for the classification is unresolved, even when another arm was strong enough to
advance the site.

6.3 Patterns that would weaken the mechanism claim

The reusable-transition interpretation weakens if exact replays fail to reproduce the attribution
ranking, if success is limited to the discovery renderer, if unrelated-donor and random controls
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approach the active CTF, or if the shuffled donor fails to reproduce it. A patch that copies
donor-specific fields indicates leakage rather than clean state transfer. A strong immediate
likelihood shift followed by a return to the base answer is reported through the repair index.
Length-OOD failure limits any claim to the tested operand lengths.

I interpret the complete pattern across intervention types and data splits, since a single successful
patch is insufficient: donor leakage, surface similarity and local repair can produce similar
observations.

Failure of all active arms is also compatible with a context-dependent bag of arithmetic heuristics
rather than a portable schoolbook state (Nikankin et al., 2025). Under that account, overlapping
digit-, magnitude- and carry-sensitive rules can produce a correct suffix while no selected residual
site contains an interchangeable tuple s;. A whole-state patch may then fail because later
computation rereads the operands, because the relevant rule is distributed across sites, or
because the replacement disrupts several context-specific rules at once. This pattern would
motivate stratified component ablations; by itself it would not establish the heuristic account.

7. Limits of reasoning-circuit editing

7.1 Localisation and editing

A site that carries a state need not be the site that computes the transition. Later layers may
reconstruct an edited value from the prompt or previous tokens. A strong causal effect at one
activation also does not identify a safe location for a persistent weight change; localisation and
editing can prefer different layers (Hase et al., 2023).

Whole-vector replacement is correspondingly a test of sufficiency at a broad interface; it makes no
minimal-circuit claim. It can preserve useful donor covariance, but it can also transfer nuisance
features or create a recipient-donor hybrid that is unusual conditional on the recipient prefix. 1
would therefore narrow a passing site with component, path or supervised-subspace interventions
before any claim about where the state is represented.

Target fidelity and collateral change should be viewed together. For a family of edits ©, the
reported set is

P = {(CTF arget (0), CKL(0)) : 6 € O},

where the first coordinate is maximised and the second is minimised. This protocol does not
combine them into one score.

7.2 Sources of collateral effects

The coherence calculation in Section 3.4 describes one local source of interference. But other
sources remain even for orthogonal directions: a state feature may be used by several tasks;
another pathway may rederive the state; different renderers may change which components read
it; and a mathematically simple replacement may still be off the model’s activation manifold.
Donor leakage and collateral KL measure parts of this problem but cannot certify global safety.

7.3 Scope of the edit

The intervention I implement changes an activation during one generated trace. It is conditional
and reversible. It does not alter the transition rule in the weights. A persistent edit would require
a broader regression suite, a map of downstream consumers and repair paths, and evidence
across unseen states and contexts. Those requirements are outside the present study.
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8. Discussion

8.1 What the factorial result can show

The four intervention cells allow several outcomes without presuming that the visible trace is
either fully causal or fully post-hoc. A hidden-only effect would show that a residual activation
can control the tested transition while the printed state is held fixed. A visible-only effect would
show that forcing the token can steer later computation; it would not establish natural reliance
on that token or redundancy of hidden state. A joint-only effect would show that the two
interventions have to agree in the tested setting. Failure of all three active arms would leave open
the possibility that the relevant state is elsewhere, distributed more broadly, rapidly repaired,
or not organised as a portable state because arithmetic is implemented by context-specific
heuristics.

But these outcomes concern the selected layer, timing and intervention family; they do not by
themselves locate a unique representation or decompose all paths from the prompt to the answer.
The interaction contrast is useful for detecting non-additivity, but it should not be described as
a complete causal channel decomposition.

8.2 Repair and distribution shift

Repair matters here because an edited carry can be recomputed from the original operands. If the
intervention initially favours the counterfactual transition and later returns to the base answer,
the site was causally effective for a short period but did not have final authority. Reporting only
the answer would miss this sequence. Reporting only the immediate logit would overstate it.

The OOD splits serve a different purpose. Surface OOD changes both opening wording and
instruction-line layout while preserving the output schema, and checks dependence on that
renderer; carry-pattern OOD checks unseen transition combinations; and length OOD checks
the tested computation depth. Failure on one split limits the corresponding generalisation claim.
IID and OOD results are therefore reported separately.

8.3 Relation to chain-of-thought monitoring

Visible reasoning can provide useful evidence about a model’s computation, but it need not
contain all answer-relevant state. It can also change the computation by providing tokens that
later positions attend to. Transcript perturbations and internal interventions should therefore
be interpreted together. The reviewed evidence is consistent with a mixed account: some
intermediate states support reusable transitions, while other parts of a trace provide memory,
routing cues or later explanations. I estimate these roles separately for addition.

9. Limitations

The protocol requires an exact high-level state and counterfactual interpreter. Addition provides
both; open-ended theorem proving or scientific reasoning may not. Conclusions from this task
should not be extended to those settings without a new state definition and validation procedure.
The required JSONL trace may itself elicit a serial scratchpad procedure the model would not
use for a bare addition prompt, where heuristic mechanisms may instead dominate (Nye et al.,
2021; Nikankin et al., 2025); conclusions are therefore scoped to how the model executes this
elicited structured-addition procedure, not to natural arithmetic.

An exact replay can still transfer nuisance information or produce an activation that is unusual in
the recipient context. Matching, shuffled donors, unrelated donors, random controls and leakage
metrics reduce this concern but cannot remove it. The implementation patches a complete
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residual vector at a selected block output. A pass establishes operational sufficiency of that donor
vector in the hybrid recipient context; it does not identify the named field as the transported
cause, isolate attention heads or MLPs, or recover a minimal subspace.

Forced visible tokens alter the autoregressive context. This is intentional for testing visible-token
authority, but hidden-only and token-only conditions are not perfectly symmetric physical
interventions. Their effects are therefore reported as factorial response contrasts rather than a
full mediation analysis.

My review is selective rather than systematic; several cited works are also preprints or laboratory
reports. No baseline or intervention run has been completed under this protocol. Inaccessible
models, missing activations, invalid outputs and interrupted runs are recorded in the artifact
ledger as diagnostic records and are not converted into model evidence.

10. Conclusion

I have specified a causal test for intermediate-state authority in multi-digit addition. The
test defines an exact semantic counterfactual, replaces a complete donor residual vector in
hidden arms and checks whether the remaining trace follows the corresponding computation.
Hidden-only, visible-token-only and joint interventions are compared with matched donor and
random controls, with hidden patches placed at different positions around state-token emission.

Several outcomes are possible. A hidden-state edit may be sufficient while the visible trace
is held fixed; a token edit may affect later computation through the generated context; the
two representations may be jointly required; or neither edit may control the transition. These
outcomes describe intervention responses and should not be treated as a complete causal
decomposition without further mediation analysis.

Existing work motivates exact replay and held-out validation but does not answer the present
question. The study I specify is designed to supply that evidence.

Research and model testing are ongoing. Until a run passes the declared baseline, completion
and provenance checks, this remains a protocol paper.
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