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Abstract

This is an application of elementary functional analysis in the sense
that there are no long or complicated calculations, and the theory of
evolution equations is not used at all.

1 Introduction

The existence of solutions is actually known. For example, Fujita-Kato
Theory, Shibata Theory: Kato [4], Zhang [12], Charve-Danchin [2], Shibata-
Murata [6]. The semi-group theory or a priori estimates are in these theories,
but these are not elementary. Semi-group theory or a priori estimates for
contraction mappings are not used in the proof of the existence of Leray-
Hopf’s weak solutions (for example, Wasao Sibagaki and Hisako Rikimaru
[7]), but they are not elementary either. We define new weak solutions with
uniqueness and smoothness, without semi-group theory or a priori estimates.
We apply the local solvability of the partial differential operators with con-
stant coefficients. The policy is to let L be the heat operator 9; — A in the
initial value problem of the Navier—Stokes equations in €2

%—Au:f—Vp—(u-V)u,
div(u) =0,
u(0,z) =a(z) for (0,z)€ Q.

The uniqueness follows without boundary conditions.

There are no long or complicated calculations; semi-groups, a priori es-
timates, or boundary conditions on € C R3 are not used at all. We apply
the local solvability of linear partial differential operators with constant co-
efficients ([8], [3]), erase the pressure p by the Helmholtz projection P, and



solve

0
571: — Au=Pf = P((tn - V)un),
0

in X =(,,55 p=1.2 W™P(Q), 2 C R x R? is a bounded domain with Lips-
chitz boundary such that (0,0) € Q.

For example, cylinder sets Q@ =1 x Q' = (=T,T) x B3(0, R). We handle
the variables ¢, z simultaneously. Cylinder sets are Lipschitz domains, so we

can use the Sobolev embedding theorem in €2 and Helmholtz decomposition
in Q.

2 Definition

For convenience, we write the index of the component of the vectors in the
upper right corner.

”Function space” and ”"space” are abbreviations for ”linear topological
space” (of functions or distributions), other than pressure p, which are R-
valued. The absolute value of the functions in the norm of the normal
function space is interpreted as the length of the number vector (the absolute
value of R? in the norm of the space of the R-valued functions). We write the
space of the real numeric functions and the space of the R3-valued functions
using the same symbol to keep the notation simple. Let |2 be the Lebesgue
measure of (). Let yq be the characteristic function on 2. For any natural
number m > max{0 + 4/1,0 +4/2} = 4,p = 1,2, We define the function
spaces on R x R3:

VmP(Q) = {u = (ul,u?,u?) s ut € C®(Q), Huinm’p(Q) < oo},
VorP(Q) = {u e V™P(Q) : div(u) = 0}.

Let W™P(Q) and W5 (£2) be the Sobolev spaces defined by the completions
of V™P(Q) and V5 "P(Q) (cf. [11]).

Let D(2) be the space of the test functions (C§°(£2) as a set); let D, ()
be the space of the test functions for which the divergence is 0 with respect to
spatial variables. Let P: L?(Q) — L2(Q) = DU(Q)”'H
Let C*#(2) be the Holder space. Let

L2@ he the projection.

<w7 90) Z:(’LU, SO)LZ(Q)
:/ w(t,z) - (t, ) dt dz
Q

3
—/ Zwi(t,x)api(t,x) dt dzx
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for w = (wl,wZ,wS), ¥ = (9017902’(103)'

In general, if for two Banach spaces X, Y, there exists a linear Hausdorff
space Z such that X, Y C Z, then X NY is a Banach space with norms

given by [lulx + [lully or max{lul|x, [[u]ly}-
max{|[u] x, [lully } < [lullx + [lully < 2max{{ullx, [lu]ly }

so these are equivalent. We put

X = Wi Q) nwrA(Q)

m>5

X= () wmhQ)nwm(Q)

m>5
We define for any v € X,
Jullx = Z Z ENE [wllwm. 1 @yrmm2(a);
=5 k=0 " :
and for any u € X/,
lull x = Z Z & 2||uHWm1(Q)ﬂWm’2(Q)'
m=>5 k= 0

We put X = {ue X :|july <oo}, X' = {ue X :|uly <oo}. For con-
stants M, C > 0, let S be a subset of X :

S={uve X :|lullxy <M,[0zulx < Cllullx}-

Let E be the fundamental solution of d; — A. That is, in the sense of that
R3-valued distribution,

(0 — A)E(t,z) = 8(t,z) = 6(t) ® d(x).

Here,

E(t,z) = \/4%3 exp (—%) (t >0) |
! (t<0)

(cf. 8], [3])-

3 Existence of elementary weak solutions

Assumption. Let Q C R x R3 be a bounded domain with Lipschitz bound-
ary such that (0,0) € Q. Let f: R x R?® — R3 be an external force satisfying



Pf e S. When f # 0, we further assume that there exists (0,z) € Q such
that

| Blea(aP 0= sa =y dsdy 0

Let A denote the set of initial values given by

A= {U(O, Jrue X u(t,z) = /RXR3 E(s,y)(xaP(f — (u-V)u)(t —s,x —y) dsdy}.

Proposition 1 (Local solvability of linear partial differential operator with
constant coefficients). Let L be a linear partial differential operator with
constant coefficients in RV, and let E € D'(RY) be a fundamental solution
of L, ie., LE = §. For f € LIOC(RN) and a bounded domain Q C RY,
a weak solutlon u € D'(Q) to the equation Lu = f in § is given by u =
Exxaf € D/(Q)

Proof. For any ¢ € D(Q),

(L(E* xaf), >= +(E * xaf, Ly)

= =(E(z), (xa)f(y), Ly(z +y)))
j:<>< ( )f( ), (E(y), Lo(x +y)))
s p(z+y)))

s p(z+ )

h
E
§<\
)
v<

O]

Theorem 1 (Main theorem). A # (). For a € A, there are elementary weak
solutions u, p of the initial value problem in 2 :

%—Au—f—Vp—(u-V)u,
div(u) =0,
u(0,z) = a(z).

in the sense that u € X,p € L2 (Q)/(p ~q¢ < V(p—q) =0) and u,p
satisfy for any ¢ € D, (Q),

Oru+ (u-V)u—Au+Vp— f, ) =0,

for any ¢ € D(Q),

3

(div(u),p) = — Z<Uj,8mj(,0> =0.

J=1

4



For any multi-index « € Zéo,

lim 0%(t,z) = 0.
t,|z|—o0
If solutions w, p and v, q satisfy u,v € S,u —v € 5, then v =v,p = q on (.
The map f — u is continuous.

We proof Theorem 1 later. The method is similar to the proof of Ba-
nach’s fixed point theorem. f defines A and the proof of existence does not
depend on A.

Proposition 2 (Smoothness of elementary weak solutions). The solutions
(u,p) are C*°-functions.

Proof. m € N can be taken arbitrarily large, so the embedding theorem into
Holder space ([1]),

If N> m—4/p > 0, then W™P(Q) ¢ Cm=4/P)=L(Q) for all
g€ (0,1).

in the sense of existence of suitable representative elements, u is a C*°-
function.

f is smooth and dyu+ (u-V)u—Au— f = —Vp. Because —Vp is smooth,
so p is also smooth. O

Lemma 1. The normed spaces X and X’ are non-trivial.

Proof. Tt suffices to exhibit non-zero elements in each space. We note that
xa and curl(exp(z!), exp(x?), exp(2?)) € X, hence X # 0. Similarly, yq €
X’ and exp(z!),sin(z?) € X', so X’ # 0. O

Lemma 2 (Completeness). X, X’ are Banach spaces.

Proof. Let {u,} be a Cauchy sequence in X. {u,} is a Cauchy sequence of
WaH(Q) N WEH(Q). Since W™L(Q) N W™2(Q) are Banach spaces, {u,}
converges in W1(Q) N W™2(Q). Let u be the limit of {u,} in W™(Q) N
W™2(Q). For any ¢ > 0, there exists N € N such that if [,n > N, then
|u; — un|| x < e. Using Fatou’s lemma for counting measures,

o0 o 1
e = unllx = DY st = tnllwma@owmaq)
=5 k0 " (Ckvm)

S
e R A R == @) @

1
<liminf Y Y 0 —mm s lu = tnllym )owm (o
oo Lot Lt ml(c}, )2 @ )



Therefore,
lullx < llu—unllx +llunllx <&+ llunly < oo,
hence u € X. O

Lemma 3 (Separation of product). There exists a constant C; > 0 such
that
Il < Callu'l]

i
v HX/

holds for all u,v € X’.

Proof. For multi-indices «, 8 € Zéo, let ¢, 3 denote the binomial coefficients.
Define
=Y cas
BLa
There is a continuous embedding X’ € C*#(Q)) for any k € N because
Hun - u||X -0 = ||un - u”Wm,l(Q)me,Q(Q) -0

([1]), so there exists a constant ¢; ,, > 0 such that

lullgre @y < hmllullx
By Leibniz formula,

Haa(uv)HLp(ﬂ) < CaHuHck,s(ﬁ)HUHck,s(ﬁ)‘le/p

1
< Callom QAP l|ull xSl 0] 5

1
< ca(clm) 1P llull o101
for |a| < k. Therefore, there exists a constant C] > 0 such that

luollyg, . < Chllulls ollx -

/ / / : /! R |
For any ol/(/i ck,m?/ck+1,m+1 > Cff,’m > 0, there exists a new e = Chm- We
correct : Cm > Cheom > Q0,5Ck -
We conjecture that one can prove Lemma 3 exactly for ¢},
If there exists 0 < oo = s v < 1 such that
af|luv < [luv
el < lluv

new

< llullxr [olxr -
Hence, it is sufficient to take C := C]/a and

fuollys < Cillullyr ol

6



To obtain «, choose 0 < ay ,, < 1 so that

Qo5 < Akr1,m4+1 < Ok,

and ]
Ak m
0< : <
(Cem)? ~ ()
Using
o' Qk.m < 1
(Cem)® ~ ()~ ()
and .
exp(l + ) > exp<1 + ) > —2>1,
a ’ k,m ak,m
for
1
a= .
infy, , exp (1 + akl )

We expect that one can also choose ¢}, and justify the existence of «
by using [10, Problem 9.6]: “If the linear space

2
Xeori=que () [\ W™P(Q) :||ull' < oo, [[u]” < oo
m>5p=1

is complete with respect to the norms ||-||" and ||-||”, and if ||-]|” < |||, then
these norms are equivalent.”

O]

Lemma 4 (Absorption of differential). There exists a constant Co > 0 such
that
10zsullx < Collullx

for any u € S.

Lemma 5 (Boundedness of S 5 u — E x (xqu) € X). The map S > u —
Ex(xqu) € X is a bounded operator, so there exists a constant C'3 > 0 such
that

‘ / E(s,ymm(t—s,x—wu(t—s,m—y)dsdyH < CyCallullx
RxR3 X

hold for all u € S.

[ Bl sa =yt — 5.0 —y)ds dyH < Cylully,
RxR3 X




Proof. As a function of (s,y), for almost every (¢,x) € Q,

supp(E(s,y)(xou)(t — s,z —y)) € —Q + (¢, 2)
:{(s,y)ERXRB:(t—s,m—y)EQ}

is the translation of the reverse of {2, so it is compact, and

|8§x(E(373/)(XQU)(t — 85T — y))‘ < E(S7y) SuP{ngu(t -85 T = y))‘ : (tvx) € Q}

< CoE(s,y) € L;yy(Q).

Combining the theorem of differentiation under the integral sign, Holder’s
inequality ([11]), and continuous embedding S C L*°(2), we have

10%(E * (xau)ll o) < [1E* (0% (xaw) | 1r )

< 1Bz o 1076t = 5,2 = )l e (g0

Lr(Q)
< sup{ Bl 1 sy © () € QOO ull e

<sw{ Bl L1, Carpay : (2) € Qe CEIQM ull

< Q.
Therefore, we obtain
1B % (xaw)llx < Csllully.
O

We take C' = max{C1,C,C3}. Note that Lemma 3, Lemma 4, and
Lemma 5 hold for C = O(|€?]). We take Q, f, M > 0 satisfying

Ol fllx: +3C3M> < M.
We solve
(N-S)” Owu—Au=f— (u-V)u,
that is, for any a € A, there exist u € S and p € L*(Q) such that

(Oru+ (u-V)u—Au+Vp—f0) =0 (¢ € Dy(Q)),
(div(u), (,0> = - Z?=1<uj7aa:j90> =0 (90 S D(Q))7
u(0,z) = a(z).



Define ®: S — X as follows:
Blul(t.a) = [ Bls.g)0aP(f — (- V)t 5.0~ y) dsdy,
X
We take a sequence {u,} C X as ug € S,u; € S,u1 —ug € S;if n > 1 then

Uns(t,2) = Dlug] (1, )

- / E(s,9) (xaP(f — (un - V)un))(t — 5,2 — y) ds dy.
RxR3

From Lemma 2, X is a complete metric space. From Lemma 3, Lemma 4,
Lemma 5, 5 and 6, the uniqueness and existence of a fixed point of ® follow
similarly to Banach’s fixed point theorem ([5], [9]): There exists a unique
u € X such that ®[u] = u.

Lemma 6 (Well-definedness of ®). For u € S, we have
1B+ (xaP(f = (u-V)u))|[x < oc.
Proof. Since || P|| < 1, we obtain
1B+ (xaP(f — (u- D))l < Cllflls +Cllutdpnu + u?0,0u + u30,0u] .
< C|fllx: +3CM*
< Q.

O

Lemma 7 (® is a contraction mapping). The map ®: S — X is Lipschitz
continuous; that is, there exists a constant L > 0 such that, for all u,v € S,
if u —v €S, then

/ E(s,y)(xaP((v-V)v— (u-Vu)(t — s,z —y))ds dyH < Liju — vl 5.
RxR3 X

Moreover, the constant L can be chosen so that L < 1.

Proof. Since

((v-V)v—(u-V)u)(t—s,x—y)

3
= Z(Uj(axjv - axju) + (Ujamju - ujaa:]u))(t — ST — y)a
=1

J



we have

[ Ben0aP(o: Ve - e Dy - 5o - ) dsd|

X
< C?lvllx max [0 (v —u)lx + %o —ully max|[ 0yl x
< O Mv — ully + C*Mv — ully
< 2C3*M|lu — v -
Therefore, Lipschitz continuity follows for L = 2C3M. O

Lemma 8. Let U € X. Then (U, ) = 0 for all ¢ € D,(Q) if and only if
there exists a distribution p such that U = Vp.

Proof. For any ¢ € D,(Q2), div(¢) = 0, so by integration by parts
3 . .
(Vo) = [ ST ()i (ta) d do
i=1

= —/Qp(t, x) div(p)(t, z) dt dz
=0.

So, by Helmholtz decomposition, if U = PU + Vp, then (U, ¢) = (Vp,p) =
0. ]

Lemma 9 (Solvability of the Navier—Stokes equations). The fixed point u
of ®: S — X is the solution of (N-S)’.

Proof. u satisfies div(u) = 0 in the sense of a distribution belonging to
D'(Q). That is, for any ¢ € D(Q),

3
(diviu),p) = = 3w, dyip) = 0.
=1

J

In fact, for any u € W,"P(Q2), there exists a Cauchy sequence {u,} C
V,"P(Q). By integration by parts and Holder’s inequality, we have:

3 3

j=1 j=1

Boundedness of u, d,5u by the Sobolev embedding theorem and || < oo,
we have (u - V)u € L?(Q). So, by the Helmholtz decomposition, if we let
f=Pf+Vf, (u-V)u = P((u-V)u) + Vu then for any ¢ € D,(Q),
(foo) =(Pf,0), ((u-V)u,p) = (P((u-V)u), ), hence we solve

(N-S) Su—Au=f—(u-V)u inD'(Q).

10



By Proposition 1, the solution of the approximate equation on €2
(N-S)”  Qwwp, — Avy, = P(f — (up - Vuy)
satisfies
Up = Unt1 = E*x (XoP(f — (un - V)uy)).

Therefore, the solution of (N-S)” satisfies

wa(t) = [ Bsn)(aP(f = (- Vyu)(t = 5.0 =) dsdy.

(Or = Aunpa(t, 2) = (0 = A)E(t — 5,2 — y), (Xa(Pf — (un - V)un))(s,y))
= (0(1) ®0(2), (x@P(f = (un - V)un))(t = 7,2 = 2))
= (P(f = (un - V)un))(t, ).

By Holder’s inequality, ||P|| < 1, and the continuity of the product of
L2(Q) x L*() 3 (u,v) — uv € LY(Q) (see Remark 3), we have

/Q(P((Un Nup — (u-V)u))(t,x) - p(t,z) dt dx

< un - V)ug = (u- V)UHLl(Q)H‘P”Lw(Q)
—0 (n— )

By the continuity of the heat operator on D’'(£2), we have
(8 = A)un, p) = (0 = A)u, )| = 0 (n = o0),

and hence (0; — A)u = P(f — (u- V)u) holds. From Lemma 7, we have
ut) = [ Ben)aP(f - V)t - s,z - y) dsdy,
RxR3

u is a solution in the sense of the distribution in D’(£2) of (N-S)’. From
Lemma 8, there exists p such that (9; — A)u+(u-V)u—f = —Vp holds. O

4 Properties of the solutions
Lemma 10 (Vanishing).
lim 0%(t,z) = 0.

t,|z|—o0

11



Proof. u is a measurable function on R x R3, so we can take the limits as
t,|x| = oo.

Oul(t,x) = /QE(t — 5,0 = y) (0% (P(f = (u-V)u)))(s,y) ds dy,

for any tg > 0, if t — s > to then |E(t — s,z — y)| < 1/t3/2, 0*(P(f — (u -
Vu)) € X C C%(Q) so limy |3 —00 O%u(t, z) = 0 follows from the bounded
convergence theorem. O

The domain €2 can be taken arbitrarily large, so Lemma 10 can be
thought of as a boundary condition.

Lemma 11 (Continuity of f — w). Let f,, f be such that Pf,, Pf € S and
| fr — fllx» = 0. Let u, be the solutions corresponding to f, with initial
value a,, € A, and let be the solutions corresponding to f with initial value
a € A. Then ||u, —ul|y — 0.

Proof.
i =l = [ B0 V)¢ 5. = ) dsy

B /MS E(s,9) (xaP(f — (un - V)u))(t — 5,2~ y)) ds dyH

X
< Cllfn = fllx +2C° Mlfup — ull -
So
lim sup||up, — ul|y < 2C3M limsup||u, — ul|y-
n—oo n—oo
lim sup||u, — ul|y < 2M.
n—o0
Therefore
0 < (1 —2C3M)lim sup)||u, — ully <0.
n—o0
Hence
lim sup ffun — ul| x = lim [lun —ul| x =0.
0

Proposition 3 (Elementary weak solutions as elements of Bochner class).
Let I = {teR:3x R (t,2) € Q}, Q@ = {z eR*:F R, (t,z) € Q}.
For 1 <p< oo,

a € C®(Q) N LAY, u € O(I; LE(Y)).

12



Proof. Since u € C%¢(Q), for any € > 0, there exists § > 0 such that
for all (t,z),(t',xz) € Q, if |(t,z) — (', z)| < 0 then |u(t,z) —u(t', z)| < e.
Therefore

[ult, ) = ult', )| ooy < \Q’}l/pe.
O

Lemma 12 (Elementary Weak Solutions are non-zero on the boundary of
the domain). An elementary weak solution satisfies

uta) = [ Bp)(aP(f — (e V)t = s2 =) dsdy

For each (t, ), define a function U®?*) of the variables (s,) by

U (s,y) = (xoP(f = (u- V)u)(t = s,z — y).

If suppU“®) < Q if and only if suppu C €, then u satisfy the energy
inequality. (by integration by parts) Since 2 C R x R? is bounded, there
exists R > 0 such that

(t,z) € Q = |[t|,|z| < R

In particular, if |s| > Ror |y| > R then (s,y) ¢ Q. Let (g, 2¢) € supp UH%N
Q. Then there exists R’ > 0 such that

lto — s| + w0 —y| < R = (s,y) € supp U,
On the other hand, we have

lto — 5[+ |zo — y[ = [[to] — Is[ + ||zo| — [yl
= [[s] = [tol[ + [ly] = [zol|-

Hence, if |s| and |y| are sufficiently large (for instance, |s| > R and |y| > R),
then

ity — s| + |zo — y| > R,

s0, (s,9) ¢ supp U®) | while (s,y) ¢ Q. This shows that supp U®*) ¢ Q
does not hold.

5 A Fixed Point Theorem

Proposition 4. Let S be a closed subset of a Banach space such that
S # {0} and u —v € S for all u,v € S. Let ®: S — S be a mapping for
which there exists a constant 0 < L < 1 such that

1®[u] = @[]|| < Lfju — o]

for all u,v € S. Then there exists a unique fixed-point u € S of .

13



Proof. Define a sequence {u,} C S by choosing ug € S (for instance, ug = 0)
and setting u,41 = ®[uy,]. By the assumption of ®, the sequence {u,} is
a Cauchy in S. Since S is closed in a Banach space, it follows that {u,}
converges to some u € S. This limit u is a fixed-point of ®.

Suppose that v and v are fixed points of ®. Then

lu =l = [[®[u] — @[0]|| < Lllu—vl|.
Iterating this inequality, we obtain

lw = vl < L*{lu — o]

for all n € N. Letting n — oo, it follows that ||lu —v|| = 0, and hence
U =v. O
6 Remarks

Remark 1. We can solve semi-linear partial differential equations with
constant coefficients
Lu = f(u)

on S" = {ue X":|jul|y, <M} similarly if L has locally integrable funda-
mental solutions. For example, the non-linear heat equation, the non-linear
Schrodinger equation, the non-linear wave equation with 3-dimension, and
the KdV equation.

Remark 2. As functions ¢ that div(¢) = 0, it is sufficient to take any
¥ € D(Q) and set ¢ = curl 4.

Remark 3. Let [[up — ul;2(q) = 0, [|vn —v[[[2(q) = 0. By the triangle
inequality, we have

||Un||L2(Q) - ||UHL2(Q) < lun — U||L2(Q)

for any sufficiently large n. On the other hand, [lun|l;2q) < [[ull f2(q) + 1-
Therefore

[unvn = wvl[ 1oy < llunllp2)llvn = vl 2) + [0l 2 lun — ull2(q)
< (lell 2@y + Dllvn = ol 20y + 10l L2 lun = ullL2(0)
-0 (n— o0).
Remark 4. We change the assumptions: 0 € I, 0 ¢ ©'. Let p(0,-) € X'(®).
We can solve

{3,5,0 +div(pu) = 0
Div(D(u) + div(u)(6¥) — p(69)) = f — p(Opu + (u - V)u)

14



similarly. Here,
DIVT Z 3 TZJ Dl] ) = 8xjui + 8x1u7

The operator L, : S’ 5 p — div(pu) € X' is bounded, so
p=eTup(0,).
Then
Div(D(u) + div(u)(87) = p(87)) = f — e " p(0, ) (Qpu + (u- V)u).

The fundamental solutions of the elliptic operators are locally integrable on
new €. Using the above lemmas, the unique existence, smoothness, and
properties of the solutions follow similarly.

7 Supplement

This is an application of functional analysis to the existence and smoothness
of the Navier—Stokes equations using elementary weak solutions in Sobolev
spaces.

We solve the problem in mathematics. The problems are not in physics,
so we do not use any physics or assumptions-falsified mathematics, such as
in other papers. We use mathematics only. We can solve the problem by
using an exactly and completely FALSIFIED resolution, where large initial
values destroy the earth, because uniqueness does NOT hold, or SMALL
initial values love your cup of coffee.

There are no long or complicated calculations; semi-groups, a priori es-
timates, and boundary conditions on €’ C R? are not used at all. We apply
the local solvability of linear partial differential operators with constant co-
efficients ([8], [3]), erase the pressure p by Helmholtz projection P, and
solve

)
55— Au=Pf =P ((un - Vuy),
)
a—?:—Au_Pf—P((u-V)u),

in X =55 p=1.2 W™P(€2), 1 is an open set in the universal space R x R3
that has a smooth boundary.

For example, cylinder Q = I x Q' = (=T,T) x Bs(0, R) includes the
earth. We handle the variables ¢,z simultaneously. Cylinders are Lipschitz
domains, so we can use the Sobolev embedding theorem on 2 ([1]) and the
Helmholtz decomposition on €’ ([6]).

15



The initial value or external force term f is small as norms || f|| y <
but we can take Q as (the earth) € €.

The non-zero examples of elements of X as a normed space do not depend
on the choice of ¢ .

For any old 0277;1, Chrtma1 = Chm > 0,

As a result, we can take ¢’ as a positive constant: take ¢’ as 5000c, take
Qo5 as 10723,

We can construct many non-zero solutions by choosing ¢'.

There exists C' = O(|Q2]) > 0, for example,

1
120%

i > sin i) (- cos ;) < Clsinl]cos] .

H(azZ > e%r")(:pj — e%xﬂ') ‘X < C” 2; > e2%

1
‘xj — e3”%d

)

X X

k_x
Haje

<Oy
k o ke
H(‘?j smxHX < C%|lsinz|| -
fori,7=1,2,3.
10junlly < CM

even if n > 2, and

10 (unt1 — un)ll x < Clltns1 — unlly,

for n > 1.
So, there exists 0 < L < 1, by mathematical induction, for n > 2,

tnt1 = unllx < L Hug —w x,

even if u, — up—1 ¢ S and u; # Plug).

Our map & is well-defined: the completion Sobolev space and the com-
mon Sobolev space are equivalent to each other, and the convolution of the
functions does not depend on anything outside €.

(To construct the solutions,

Haj(un+1 - un)HX < Ollunyr — uonv Jj=12,3

It is not necessary, but we can easily calculate its use. The proof is similar
to the construction of a unique solution under this description.

Therefore, existence follows similarly to the proof of Banach’s fixed point
theorem on a closed set S C X,. The solutions u, p satisfy

)
%—Au:Pf—P((u-V)u)

in the sense that distributions in X, are

div(u) =0
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in the sense that distribution is in X.

f#0 = u#0and f =0,a =0 = u = 0. There exists a non-zero
solution by Fujita, Kato ([4]) or Shibata ([6]), even if f = 0, so elementary
weak solutions are different from the solutions by Fujita, Kato or Shibata.

u|agr # 0, but by Helmholtz decomposition, if Q =1 x Q' = (=T,T) x
Bs(0, R), then (u-n)|go = 0, so our solutions satisfy the energy inequality
on Q = (—T,T) x B3(0, R). By integration by parts, we obtain

(Ou—Au)-u=(f—Vp—(u-V)u) - u

Hence

%&(u-u)—(Au)-u:f-u—((u'V)u)'u

Integrating over B = B3(0, R) and t € (0,¢), we obtain

1
SNy = [ [ wenl (907 s+ [ IV
t
< IO+ [ )l s
1 2 ¢ 2
SO+ [ IV ds
1 t
< SO+ [ ) u(s) o s

Our solutions are smooth, unique, u is defined on R x R3, and

lim 0%u(t,z) =0,

t,|z|—o00

for any multi-index «. The map f +— wu is continuous. The initial value
satisfies

a € C®(Q) N LP(Y).

The solution satisfies
ue C(I; Lp(Q’)).

If
T
/0 (f(8); () 20y ds + (a,(0)) L2y = 0

for all test functions ¢, and
uloor =0,

then
f=0, a=0, u=0.

satisfy the energy inequality and u belongs to the Serrin class. So u is
the unique Leray-Hopf’s weak solution and an elementary weak solution.
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Therefore, if u is the Leray-Hopf’s weak solution and an elementary weak
solution, then u = 0.
If we change the definition of S by

S = {u € X :lully <M, Haj’?uHX < CMlully, j=1,23k> o},
then the existence follows exactly.
0;: X = W™P(Q)

is a closed operator, so S is a closed set by the proof using Fatou’s lemma
and
105unllx = 185ull x| < 105un — djullx — 0.

(similar to the proof of Lemma 2)

Uniqueness follows. For f # 0, we can construct many non-zero solutions
for which uniqueness holds by Baire’s category theorem: construct u € S
as an interior point in X,, construct the open neighborhood B,, and think
v € SN B, satisfies ||u — v|| < M, and prove similarly to ”Uniqueness” for
u — v by using Cp, Cp, = 00, Upx) —> U, and vy, ) — v from

e = g | [0 = onii | < 7

Coate |ty = vniiy | < 1105 (tniy — vniiy) ||
= ||05tnry = Bjvnei)||
< |0junry || + [|050nm)||
< 20M.

We conjecture that blow-up solutions can also be constructed. For any
e > 0, there exist 0 > 0, a constant M(g) > 0, and a function f € Sy
such that:

o M(e1) > M(e2) whenever 1 > e,
o CM(e) > |E * xoPf] > 2e,
o [0 <6 = [[E*xaP((u-V)u)| <e.
By the triangle inequality, ||u|| = ||®[u]|| > €. For example,

f(t,x) =2(e + 1)(||E * xoP sin(z1)|| + 1) sin(z1),
M(e) =2+ exp(2(e + 1) (|| E * xoPsin(z1)|| + 1)).

We conjecture that we can take the initial value a large by making |Q]
smaller.
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Justification

Masatoshi Ohrui
May 24, 2026

1 Lemma 2

> k>0, m>5 1/ (¢, m!*) = C' < oo,
1/(e2,,) < (L/(2)(e2,mtY) /(c2,,).
Theréfore (1/(0/ F 1)t — vnll’ < [[thm — un” < e.
Thus 3C" > 0, ||tm — us|] < (C" + 1)e.

2 Lemma 4

If Vo, 07, U # 0, i.e. , if U is not polynomials function as ¢, x, simultaneously,
then by mean value theorem on integration, we can correct the values of the
functions outside of  that for any ¢ € D(Q),

fQ 0%(E * xaU)p

= (=1 [o(E % xaU) 0%

= (=Dl [ [ Q+(t ) E(s,)U(t — s,z — y)dsdy 0%p(t, z)dtdzx

= (=1)l fQ Jo E(s,y)U(t — 5,2 — y)dsdy 0% p(t, z)dtdx

= /5 fQ $,9)0%U(t — s,x — y)dsdy p(t, z)dtdz.



Supplement and References Written in Japanese
Language

Masatoshi Ohrui
June 5, 2026

1 Japanese books

To justify of Lemma 3, take ¢} . as ¢}, > 1.

Hisashi Okamoto, Principai of the Navier-Stokes Equations, University of
Tokyo Press, 2023, ISBN: 978-4-13-061315-6;

Yoshihiro Shibata, Basic of Mathematical Fluids 1, 2, Iwanami books, 2022,
ISBN: 9784000298582, 9784000298599 .



supplement

June 9, 2026

1 About other PDE and embedding constants

We can apply our Elementary PDE Theory to the wave equations with dimen-
sion 2, by Theorem 10.2.1., Lars Héormander, " The Analysis of Linear Partial
Differential Operators II”, Springer, 1983.

o) < Nullgne @y < e allellx and ullgo. ) < efisllullx.

Therefore we can take ¢}, < co5 as a constant. (Reference: Haim Brezis,
”Functional Analysis, Sobolev Spaces and Partial Differential Euations”, Springer,

2010)



