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Abstract

This is an application of elementary functional analysis in the sense
that there are no long or complicated calculations, and the theory of
evolution equations is not used at all.

1 Introduction

The existence of solutions is actually known. For example, Fujita-Kato
Theory, Shibata Theory: Kato [4], Zhang [12], Charve-Danchin [2], Shibata-
Murata [6]. The semi-group theory or a priori estimates are in these theories,
but these are not elementary. Semi-group theory or a priori estimates for
contraction mappings are not used in the proof of the existence of Leray-
Hopf’s weak solutions (for example, Wasao Sibagaki and Hisako Rikimaru
[7]), but they are not elementary either. We define new weak solutions with
uniqueness and smoothness, without semi-group theory or a priori estimates.
We apply the local solvability of the partial di!erential operators with con-
stant coe”cients. The policy is to let L be the heat operator ωt →# in the
initial value problem of the Navier–Stokes equations in $






ωu
ωt →#u = f →↑p→ (u ·↑)u,

div(u) = 0,

u(0, x) = a(x) for (0, x) ↓ $.

The uniqueness follows without boundary conditions.
There are no long or complicated calculations; semi-groups, a priori es-

timates, or boundary conditions on $→ ↔ R3 are not used at all. We apply
the local solvability of linear partial di!erential operators with constant co-
e”cients ([8], [3]), erase the pressure p by the Helmholtz projection P , and
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solve

ωu

ωt
→#u = Pf → P ((un ·↑)un),

ωu

ωt
→#u = Pf → P ((u ·↑)u),

in X =
⋂

m↑5, p=1,2W
m,p($), $ ↔ R ↗ R3 is a bounded domain with Lips-

chitz boundary such that (0, 0) ↓ $.
For example, cylinder sets $ = I ↗$→ = (→T, T )↗B3(0, R). We handle

the variables t, x simultaneously. Cylinder sets are Lipschitz domains, so we
can use the Sobolev embedding theorem in $ and Helmholtz decomposition
in $→.

2 Definition

For convenience, we write the index of the component of the vectors in the
upper right corner.

”Function space” and ”space” are abbreviations for ”linear topological
space” (of functions or distributions), other than pressure p, which are R-
valued. The absolute value of the functions in the norm of the normal
function space is interpreted as the length of the number vector (the absolute
value of R3 in the norm of the space of the R-valued functions). We write the
space of the real numeric functions and the space of the R3-valued functions
using the same symbol to keep the notation simple. Let |$| be the Lebesgue
measure of $. Let ε! be the characteristic function on $. For any natural
number m > max{0 + 4/1, 0 + 4/2} = 4, p = 1, 2, We define the function
spaces on R↗ R3:

V
m,p($) =

{
u = (u1, u2, u3) : ui ↓ C

↓($),
∥∥ui

∥∥
Wm,p(!)

< ↘
}
,

V
m,p
ε ($) = {u ↓ V

m,p($) : div(u) = 0}.

LetWm,p($) andW
m,p
ε ($) be the Sobolev spaces defined by the completions

of V m,p($) and V
m,p
ε ($) (cf. [11]).

Let D($) be the space of the test functions (C↓
0 ($) as a set); let Dε($)

be the space of the test functions for which the divergence is 0 with respect to

spatial variables. Let P : L2($) ≃ L
2
ε($) = Dε($)

↔·↔L2(!) be the projection.
Let Ck,ϑ($) be the Hölder space. Let

⇐w,ϑ⇒ :=(w,ϑ)L2(!)

=

∫

!
w(t, x) · ϑ(t, x) dt dx

=

∫

!

3∑

i=1

w
i(t, x)ϑi(t, x) dt dx
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for w = (w1
, w

2
, w

3),ϑ = (ϑ1
,ϑ

2
,ϑ

3).
In general, if for two Banach spaces X,Y , there exists a linear Hausdor!

space Z such that X,Y ↔ Z, then X ⇑ Y is a Banach space with norms
given by ⇓u⇓X + ⇓u⇓Y or max{⇓u⇓X , ⇓u⇓Y }.

max{⇓u⇓X , ⇓u⇓Y } ⇔ ⇓u⇓X + ⇓u⇓Y ⇔ 2max{⇓u⇓X , ⇓u⇓Y }

so these are equivalent. We put

X =
⋂

m↑5

W
m,1
ε ($) ⇑W

m,2
ε ($)

X → =
⋂

m↑5

W
m,1($) ⇑W

m,2($)

We define for any u ↓ X ,

⇓u⇓X =
↓∑

m=5

↓∑

k=0

1

m!4(c→k,m)2
⇓u⇓Wm,1(!)↗Wm,2(!),

and for any u ↓ X →,

⇓u⇓X→ =
↓∑

m=5

↓∑

k=0

1

m!4(c→k,m)2
⇓u⇓Wm,1(!)↗Wm,2(!).

We put X = {u ↓ X : ⇓u⇓X < ↘}, X → = {u ↓ X → : ⇓u⇓X→ < ↘}. For con-
stants M,C > 0, let S be a subset of X :

S = {u ↓ X : ⇓u⇓X ⇔ M, ⇓ωxju⇓X ⇔ C⇓u⇓X}.

Let E be the fundamental solution of ωt →#. That is, in the sense of that
R3-valued distribution,

(ωt →#)E(t, x) = ϖ(t, x) = ϖ(t)↖ ϖ(x).

Here,

E(t, x) =






1↘
4ϖt

3 exp
(
→ |x|2

4t

)
(t > 0)

0 (t ⇔ 0)
.

(cf. [8], [3]).

3 Existence of elementary weak solutions

Assumption. Let $ ↔ R↗R3 be a bounded domain with Lipschitz bound-
ary such that (0, 0) ↓ $. Let f : R↗R3 ≃ R3 be an external force satisfying
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Pf ↓ S. When f ↙= 0, we further assume that there exists (0, x) ↓ $ such
that ∫

R≃R3
E(s, y)(ε!Pf)(0→ s, x→ y) ds dy ↙= 0.

Let A denote the set of initial values given by

A =

{
u(0, ·) : u ↓ X,u(t, x) =

∫

R≃R3
E(s, y)(ε!P (f → (u ·↑)u))(t→ s, x→ y) ds dy

}
.

Proposition 1 (Local solvability of linear partial di!erential operator with
constant coe”cients). Let L be a linear partial di!erential operator with
constant coe”cients in RN , and let E ↓ D→(RN ) be a fundamental solution
of L, i.e., LE = ϖ. For f ↓ L

1
loc(RN ) and a bounded domain $ ↔ RN ,

a weak solution u ↓ D→($) to the equation Lu = f in $ is given by u =
E ∝ ε!f ↓ D→($).

Proof. For any ϑ ↓ D($),

⇐L(E ∝ ε!f),ϑ⇒ = ±⇐E ∝ ε!f, Lϑ⇒
:= ±⇐E(x), ⇐ε!(y)f(y), Lϑ(x+ y)⇒⇒
= ±⇐ε!(x)f(x), ⇐E(y), Lϑ(x+ y)⇒⇒
= ⇐ε!(x)f(x), ⇐LE(y),ϑ(x+ y)⇒⇒
= ⇐LE(x), ⇐ε!(y)f(y),ϑ(x+ y)⇒⇒
= ⇐ε!(y)f(y),ϑ(y)⇒
= ⇐f,ϑ⇒

Theorem 1 (Main theorem). A ↙= ′. For a ↓ A, there are elementary weak
solutions u, p of the initial value problem in $ :

ωu

ωt
→#u = f →↑p→ (u ·↑)u,

div(u) = 0,

u(0, x) = a(x).

in the sense that u ↓ X, p ↓ L
2
loc($)/(p ∞ q ∈∋ ↑(p → q) = 0) and u, p

satisfy for any ϑ ↓ Dε($),

⇐ωtu+ (u ·↑)u→#u+↑p→ f,ϑ⇒ = 0,

for any ϑ ↓ D($),

⇐div(u),ϑ⇒ = →
3∑

j=1


u
j
, ωxjϑ


= 0.
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For any multi-index ϱ ↓ Z4
↑0,

lim
t,|x|⇐↓

ω
ϱ
u(t, x) = 0.

If solutions u, p and v, q satisfy u, v ↓ S, u→ v ↓ S, then u = v, p = q on $.
The map f △≃ u is continuous.

We proof Theorem 1 later. The method is similar to the proof of Ba-
nach’s fixed point theorem. f defines A and the proof of existence does not
depend on A.

Proposition 2 (Smoothness of elementary weak solutions). The solutions
(u, p) are C

↓-functions.

Proof. m ↓ N can be taken arbitrarily large, so the embedding theorem into
Hölder space ([1]),

If N ▽ m → 4/p > 0, then W
m,p($) ↔ C

(m⇒4/p)⇒1,ϑ($) for all
ς ↓ (0, 1).

in the sense of existence of suitable representative elements, u is a C
↓-

function.
f is smooth and ωtu+(u ·↑)u→#u→f = →↑p. Because →↑p is smooth,

so p is also smooth.

Lemma 1. The normed spaces X and X
→ are non-trivial.

Proof. It su”ces to exhibit non-zero elements in each space. We note that
ε! and curl(exp(x1), exp(x3), exp(x2)) ↓ X, hence X ↙= 0. Similarly, ε! ↓
X

→ and exp(x1), sin(x2) ↓ X
→, so X

→ ↙= 0.

Lemma 2 (Completeness). X,X
→ are Banach spaces.

Proof. Let {un} be a Cauchy sequence in X. {un} is a Cauchy sequence of
W

m,1
ε ($) ⇑ W

m,2
ε ($). Since W

m,1($) ⇑ W
m,2($) are Banach spaces, {un}

converges in W
m,1($) ⇑W

m,2($). Let u be the limit of {un} in W
m,1($) ⇑

W
m,2($). For any ς > 0, there exists N ↓ N such that if l, n ̸ N , then

⇓ul → un⇓X < ς. Using Fatou’s lemma for counting measures,

⇓u→ un⇓X =
↓∑

m=5

↓∑

k=0

1

m!4(c→k,m)2
⇓u→ un⇓Wm,1(!)↗Wm,2(!)

=
↓∑

m=5

↓∑

k=0

1

m!4(c→k,m)2
lim inf
l⇐↓

⇓ul → un⇓Wm,1(!)↗Wm,2(!)

⇔ lim inf
l⇐↓

↓∑

m=5

↓∑

k=0

1

m!4(c→k,m)2
⇓ul → un⇓Wm,1(!)↗Wm,2(!)

⇔ ς.
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Therefore,

⇓u⇓X ⇔ ⇓u→ uN⇓X + ⇓uN⇓X ⇔ ς+ ⇓uN⇓X < ↘,

hence u ↓ X.

Lemma 3 (Separation of product). There exists a constant C1 > 0 such
that ∥∥uivi

∥∥
X→ ⇔ C1

∥∥ui
∥∥
X→

∥∥vi
∥∥
X→

holds for all u, v ↓ X
→.

Proof. For multi-indices ϱ,φ ↓ Z4
↑0, let cϱ,ς denote the binomial coe”cients.

Define
cϱ =

∑

ς⇑ϱ

cϱ,ς .

There is a continuous embedding X
→ ↔ C

k,ϑ($) for any k ↓ N because

⇓un → u⇓X ≃ 0 =∋ ⇓un → u⇓Wm,1(!)↗Wm,2(!) ≃ 0

=∋ ⇓un → u⇓Ck,ω(!) ≃ 0.

([1]), so there exists a constant c→k,m > 0 such that

⇓u⇓Ck,ω(!) ⇔ c
→
k,m⇓u⇓X→ .

By Leibniz formula,

⇓ωϱ(uv)⇓Lp(!) ⇔ cϱ⇓u⇓Ck,ω(!)⇓v⇓Ck,ω(!)|$|
1/p

⇔ cϱc
→
k,m|$|1/p⇓u⇓X→c

→
k,m⇓v⇓X→

⇔ cϱ(c
→
k,m)2|$|1/p⇓u⇓X→⇓v⇓X→ ,

for |ϱ| ⇔ k. Therefore, there exists a constant C →
1 > 0 such that

⇓uv⇓X→
new

⇔ C
→
1⇓u⇓X→

old
⇓v⇓X→

old
.

For any old c
→
k,m, c

→
k+1,m+1 ̸ c

→
k,m > 0, there exists a new c

→→
k,m := c

→
k,m. We

correct : c→→k,m ̸ c
→
k,m ̸ √

ϱ0,5c
→→
k,m.

We conjecture that one can prove Lemma 3 exactly for c→k,m:
If there exists 0 < ϱ = ϱc→,c→→ < 1 such that

ϱ⇓uv⇓X→
old

⇔ ⇓uv⇓X→
new

⇔ C
→
1 ⇓u⇓X→

old
⇓v⇓X→

old
.

Hence, it is su”cient to take C1 := C
→
1/ϱ and

⇓uv⇓X→
old

⇔ C1⇓u⇓X→
old
⇓v⇓X→

old
.
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To obtain ϱ, choose 0 < ϱk,m ⇔ 1 so that

ϱ0,5 < ϱk+1,m+1 ⇔ ϱk,m,

and

0 <
ϱk,m

(c→k,m)2
⇔ 1

(c→→k,m)2
.

Using
ϱ

(c→k,m)2
⇔

ϱk,m

(c→k,m)2
⇔ 1

(c→→k,m)2

and

exp


1 +

1

ϱ1,6


̸ exp


1 +

1

ϱk,m


̸ 1

ϱk,m
̸ 1,

for

ϱ =
1

infk,m exp
(
1 + 1

ϱk,m

) .

We expect that one can also choose c
→
k,m and justify the existence of ϱ

by using [10, Problem 9.6]: “If the linear space

Xc→,c→→ :=




u ↓
⋂

m↑5

2⋂

p=1

W
m,p($) : ⇓u⇓→ < ↘, ⇓u⇓→→ < ↘






is complete with respect to the norms ⇓·⇓→ and ⇓·⇓→→, and if ⇓·⇓→→ ⇔ ⇓·⇓→, then
these norms are equivalent.”

Lemma 4 (Absorption of di!erential). There exists a constant C2 > 0 such
that

⇓ωxju⇓X ⇔ C2⇓u⇓X
for any u ↓ S.

Lemma 5 (Boundedness of S ▽ u △≃ E ∝ (ε!u) ↓ X). The map S ▽ u △≃
E ∝(ε!u) ↓ X is a bounded operator, so there exists a constant C3 > 0 such
that

∥∥∥∥
∫

R≃R3
E(s, y)ε!(t→ s, x→ y)u(t→ s, x→ y) ds dy

∥∥∥∥
X

⇔ C3⇓u⇓X ,

∥∥∥∥
∫

R≃R3
E(s, y)ωxjε!(t→ s, x→ y)u(t→ s, x→ y) ds dy

∥∥∥∥
X

⇔ C3C2⇓u⇓X

hold for all u ↓ S.
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Proof. As a function of (s, y), for almost every (t, x) ↓ $,

supp(E(s, y)(ε!u)(t→ s, x→ y)) ∀ →$+ (t, x)

=

(s, y) ↓ R↗ R3 : (t→ s, x→ y) ↓ $



is the translation of the reverse of $, so it is compact, and

ωϱ
t,x(E(s, y)(ε!u)(t→ s, x→ y))

 ⇔ E(s, y) sup
ωϱ

t,xu(t→ s, x→ y))
 : (t, x) ↓ $



⇔ CϱE(s, y) ↓ L
1
s,y($).

Combining the theorem of di!erentiation under the integral sign, Hölder’s
inequality ([11]), and continuous embedding S ↔ L

↓($), we have

⇓ωϱ(E ∝ (ε!u))⇓Lp(!) ⇔ ⇓E ∝ (ωϱ(ε!u))⇓Lp(!)

⇔
∥∥∥⇓E⇓L1(⇒!+(t,x))⇓ω

ϱ
u(t→ s, x→ y)⇓L↑(⇒!+(t,x))

∥∥∥
Lp(!)

⇔ sup
{
⇓E⇓L1(⇒!+(t,x)) : (t, x) ↓ $

}
|$|1/p⇓ωϱ

u⇓L↑(!)

⇔ sup
{
⇓E⇓L1

s,y(⇒!+(t,x)) : (t, x) ↓ $
}
c
→→
C

|ϱ|
2 |$|1/p⇓u⇓X

< ↘.

Therefore, we obtain

⇓E ∝ (ε!u)⇓X ⇔ C3⇓u⇓X .

We take C = max{C1, C2, C3}. Note that Lemma 3, Lemma 4, and
Lemma 5 hold for C = O(|$|). We take $, f,M > 0 satisfying

C⇓f⇓X→ + 3C3
M

2 ⇔ M.

We solve

(N-S)’ ωtu→#u = f → (u ·↑)u,

that is, for any a ↓ A, there exist u ↓ S and p ↓ L
2($) such that






⇐ωtu+ (u ·↑)u→#u+↑p→ f,ϑ⇒ = 0 (ϑ ↓ Dε($)),

⇐div(u),ϑ⇒ = →
3

j=1


u
j
, ωxjϑ


= 0 (ϑ ↓ D($)),

u(0, x) = a(x).
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Define % : S ≃ X as follows:

%[u](t, x) =

∫

R≃R3
E(s, y)(ε!P (f → (u ·↑)u))(t→ s, x→ y) ds dy.

We take a sequence {un} ↔ X as u0 ↓ S, u1 ↓ S, u1 → u0 ↓ S; if n ̸ 1 then

un+1(t, x) = %[un](t, x)

=

∫

R≃R3
E(s, y)(ε!P (f → (un ·↑)un))(t→ s, x→ y) ds dy.

From Lemma 2, X is a complete metric space. From Lemma 3, Lemma 4,
Lemma 5, 5 and 6, the uniqueness and existence of a fixed point of % follow
similarly to Banach’s fixed point theorem ([5], [9]): There exists a unique
u ↓ X such that %[u] = u.

Lemma 6 (Well-definedness of %). For u ↓ S, we have

⇓E ∝ (ε!P (f → (u ·↑)u))⇓X < ↘.

Proof. Since ⇓P⇓ ⇔ 1, we obtain

⇓E ∝ (ε!P (f → (u ·↑)u))⇓X ⇔ C⇓f⇓X→ + C
∥∥u1ωx1u+ u

2
ωx2u+ u

3
ωx3u

∥∥
X→

⇔ C⇓f⇓X→ + 3C3
M

2

< ↘.

Lemma 7 (% is a contraction mapping). The map % : S ≃ X is Lipschitz
continuous; that is, there exists a constant L > 0 such that, for all u, v ↓ S,
if u→ v ↓ S, then
∥∥∥∥
∫

R≃R3
E(s, y)(ε!P ((v ·↑)v → (u ·↑)u)(t→ s, x→ y)) ds dy

∥∥∥∥
X

⇔ L⇓u→ v⇓X .

Moreover, the constant L can be chosen so that L < 1.

Proof. Since

((v ·↑)v → (u ·↑)u)(t→ s, x→ y)

=
3∑

j=1

(vj(ωxjv → ωxju) + (vjωxju→ u
j
ωxju))(t→ s, x→ y),
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we have
∥∥∥∥
∫

R≃R3
E(s, y)(ε!P ((v ·↑)v → (u ·↑)u))(t→ s, x→ y) ds dy

∥∥∥∥
X

⇔ C
2⇓v⇓X max

j
⇓ωxj (v → u)⇓X + C

2⇓v → u⇓X max
j

⇓ωxju⇓X

⇔ C
3
M⇓v → u⇓X + C

3
M⇓v → u⇓X

⇔ 2C3
M⇓u→ v⇓X .

Therefore, Lipschitz continuity follows for L = 2C3
M .

Lemma 8. Let U ↓ X. Then ⇐U,ϑ⇒ = 0 for all ϑ ↓ Dε($) if and only if
there exists a distribution p such that U = ↑p.

Proof. For any ϑ ↓ Dε($), div(ϑ) = 0, so by integration by parts

⇐↑p,ϑ⇒ =
∫

!

3∑

i=1

(↑p)i(t, x)ϑi(t, x) dt dx

= →
∫

!
p(t, x) div(ϑ)(t, x) dt dx

= 0.

So, by Helmholtz decomposition, if U = PU +↑p, then ⇐U,ϑ⇒ = ⇐↑p,ϑ⇒ =
0.

Lemma 9 (Solvability of the Navier–Stokes equations). The fixed point u
of % : S ≃ X is the solution of (N-S)’.

Proof. u satisfies div(u) = 0 in the sense of a distribution belonging to
D→($). That is, for any ϑ ↓ D($),

⇐div(u),ϑ⇒ = →
3∑

j=1


u
j
, ωxjϑ


= 0.

In fact, for any u ↓ W
m,p
ε ($), there exists a Cauchy sequence {un} ↔

V
m,p
ε ($). By integration by parts and Hölder’s inequality, we have:

0 = →
3∑

j=1


u
j
n, ωxjϑ


≃ →

3∑

j=1


u
j
, ωxjϑ


.

Boundedness of u, ωxju by the Sobolev embedding theorem and |$| < ↘,
we have (u · ↑)u ↓ L

2($). So, by the Helmholtz decomposition, if we let
f = Pf + ↑f, (u · ↑)u = P ((u · ↑)u) + ↑u then for any ϑ ↓ Dε($),
⇐f,ϑ⇒ = ⇐Pf,ϑ⇒, ⇐(u ·↑)u,ϑ⇒ = ⇐P ((u ·↑)u),ϑ⇒, hence we solve

(N-S)’ ωtu→#u = f → (u ·↑)u in D→($).
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By Proposition 1, the solution of the approximate equation on $

(N-S)” ωtvn →#vn = P (f → (un ·↑)un)

satisfies

vn = un+1 = E ∝ (ε!P (f → (un ·↑)un)).

Therefore, the solution of (N-S)” satisfies

un+1(t, x) =

∫

R≃R3
E(s, y)(ε!P (f → (un ·↑)un))(t→ s, x→ y) ds dy.

(ωt →#)un+1(t, x) = ⇐(ωt →#)E(t→ s, x→ y), (ε!(Pf → (un ·↑)un))(s, y)⇒

= ⇐ϖ(↼)↖ ϖ(z), (ε!P (f → (un ·↑)un))(t→ ↼, x→ z)⇒
= (P (f → (un ·↑)un))(t, x).

By Hölder’s inequality, ⇓P⇓ ⇔ 1, and the continuity of the product of
L
2($)↗ L

2($) ▽ (u, v) △≃ uv ↓ L
1($) (see Remark 3), we have


∫

!
(P ((un ·↑)un → (u ·↑)u))(t, x) · ϑ(t, x) dt dx



⇔ ⇓(un ·↑)un → (u ·↑)u⇓L1(!)⇓ϑ⇓L↑(!)

≃ 0 (n ≃ ↘)

By the continuity of the heat operator on D→($), we have

|⇐(ωt →#)un,ϑ⇒ → ⇐(ωt →#)u,ϑ⇒| ≃ 0 (n ≃ ↘),

and hence (ωt →#)u = P (f → (u ·↑)u) holds. From Lemma 7, we have

u(t, x) =

∫

R≃R3
E(s, y)(ε!P (f → (u ·↑)u))(t→ s, x→ y)) ds dy.

u is a solution in the sense of the distribution in D→($) of (N-S)’. From
Lemma 8, there exists p such that (ωt→#)u+(u ·↑)u→f = →↑p holds.

4 Properties of the solutions

Lemma 10 (Vanishing).

lim
t,|x|⇐↓

ω
ϱ
u(t, x) = 0.

11



Proof. u is a measurable function on R ↗ R3, so we can take the limits as
t, |x| ≃ ↘.

ω
ϱ
u(t, x) =

∫

!
E(t→ s, x→ y)(ωϱ(P (f → (u ·↑)u)))(s, y) ds dy,

for any t0 > 0, if t → s > t0 then |E(t→ s, x→ y)| ⇔ 1/t3/2, ωϱ(P (f → (u ·
↑)u)) ↓ X ↔ C

0,ϑ($) so limt,|x|⇐↓ ω
ϱ
u(t, x) = 0 follows from the bounded

convergence theorem.

The domain $ can be taken arbitrarily large, so Lemma 10 can be
thought of as a boundary condition.

Lemma 11 (Continuity of f △≃ u). Let fn, f be such that Pfn, Pf ↓ S and
⇓fn → f⇓X→ ≃ 0. Let un be the solutions corresponding to fn with initial
value an ↓ A, and let be the solutions corresponding to f with initial value
a ↓ A. Then ⇓un → u⇓X ≃ 0.

Proof.

⇓un → u⇓X =

∥∥∥∥
∫

R≃R3
E(s, y)(ε!P (fn → (un ·↑)un))(t→ s, x→ y)) ds dy

→
∫

R≃R3
E(s, y)(ε!P (f → (un ·↑)u))(t→ s, x→ y)) ds dy

∥∥∥∥
X

⇔ C⇓fn → f⇓X + 2C3
M⇓un → u⇓X .

So

lim sup
n⇐↓

⇓un → u⇓X ⇔ 2C3
M lim sup

n⇐↓
⇓un → u⇓X .

lim sup
n⇐↓

⇓un → u⇓X ⇔ 2M.

Therefore

0 ⇔ (1→ 2C3
M) lim sup

n⇐↓
⇓un → u⇓X ⇔ 0.

Hence

lim sup
n⇐↓

⇓un → u⇓X = lim
n⇐↓

⇓un → u⇓X = 0.

Proposition 3 (Elementary weak solutions as elements of Bochner class).
Let I =


t ↓ R : ∃x ↓ R3

, (t, x) ↓ $

, $→ =


x ↓ R3 : ∃t ↓ R, (t, x) ↓ $


.

For 1 ⇔ p < ↘,

a ↓ C
↓($→) ⇑ L

p
ε($

→), u ↓ C(I;Lp
ε($

→)).

12



Proof. Since u ↓ C
0,ϑ($), for any ς > 0, there exists ϖ > 0 such that

for all (t, x), (t→, x) ↓ $, if |(t, x)→ (t→, x)| < ϖ then |u(t, x)→ u(t→, x)| < ς.
Therefore

∥∥u(t, ·)→ u(t→, ·)
∥∥
Lp(!→)

⇔
$→1/pς.

Lemma 12 (Elementary Weak Solutions are non-zero on the boundary of
the domain). An elementary weak solution satisfies

u(t, x) =

∫

R≃R3
E(s, y)(ε!P (f → (u ·↑)u))(t→ s, x→ y)) ds dy.

For each (t, x), define a function U
(t,x) of the variables (s, y) by

U
(t,x)(s, y) = (ε!P (f → (u ·↑)u))(t→ s, x→ y).

If suppU (t,x) ↔ $ if and only if suppu ↔ $, then u satisfy the energy
inequality. (by integration by parts) Since $ ↔ R ↗ R3 is bounded, there
exists R > 0 such that

(t, x) ↓ $ =∋ |t|, |x| < R

In particular, if |s| > R or |y| > R then (s, y) /↓ $. Let (t0, x0) ↓ suppU (t,x)⇑
$. Then there exists R→

> 0 such that

|t0 → s|+ |x0 → y| < R
→ =∋ (s, y) ↓ suppU (t,x)

.

On the other hand, we have

|t0 → s|+ |x0 → y| ̸ ||t0|→ |s||+ ||x0|→ |y||
= ||s|→ |t0||+ ||y|→ |x0||.

Hence, if |s| and |y| are su”ciently large (for instance, |s| > R and |y| > R),
then

|t0 → s|+ |x0 → y| > R
→
,

so, (s, y) /↓ suppU (t,x), while (s, y) /↓ $. This shows that suppU (t,x) ↔ $
does not hold.

5 A Fixed Point Theorem

Proposition 4. Let S be a closed subset of a Banach space such that
S ↙= {0} and u → v ↓ S for all u, v ↓ S. Let % : S ≃ S be a mapping for
which there exists a constant 0 < L < 1 such that

⇓%[u]→ %[v]⇓ ⇔ L⇓u→ v⇓

for all u, v ↓ S. Then there exists a unique fixed-point u ↓ S of %.

13



Proof. Define a sequence {un} ↔ S by choosing u0 ↓ S (for instance, u0 = 0)
and setting un+1 = %[un]. By the assumption of %, the sequence {un} is
a Cauchy in S. Since S is closed in a Banach space, it follows that {un}
converges to some u ↓ S. This limit u is a fixed-point of %.

Suppose that u and v are fixed points of %. Then

⇓u→ v⇓ = ⇓%[u]→ %[v]⇓ ⇔ L⇓u→ v⇓.

Iterating this inequality, we obtain

⇓u→ v⇓ ⇔ L
n⇓u→ v⇓.

for all n ↓ N. Letting n ≃ ↘, it follows that ⇓u→ v⇓ = 0, and hence
u = v.

6 Remarks

Remark 1. We can solve semi-linear partial di!erential equations with
constant coe”cients

Lu = f(u)

on S
→ = {u ↓ X

→ : ⇓u⇓X→ ⇔ M} similarly if L has locally integrable funda-
mental solutions. For example, the non-linear heat equation, the non-linear
Schrödinger equation, the non-linear wave equation with 3-dimension, and
the KdV equation.

Remark 2. As functions ϑ that div(ϑ) = 0, it is su”cient to take any
↽ ↓ D($) and set ϑ = curl↽.

Remark 3. Let ⇓un → u⇓L2(!) ≃ 0, ⇓vn → v⇓L2(!) ≃ 0. By the triangle
inequality, we have

⇓un⇓L2(!) → ⇓u⇓L2(!)

 ⇔ ⇓un → u⇓L2(!)

for any su”ciently large n. On the other hand, ⇓un⇓L2(!) < ⇓u⇓L2(!) + 1.
Therefore

⇓unvn → uv⇓L1(!) ⇔ ⇓un⇓L2(!)⇓vn → v⇓L2(!) + ⇓v⇓L2(!)⇓un → u⇓L2(!)

< (⇓u⇓L2(!) + 1)⇓vn → v⇓L2(!) + ⇓v⇓L2(!)⇓un → u⇓L2(!)

≃ 0 (n ≃ ↘).

Remark 4. We change the assumptions: 0 ↓ I, 0 /↓ $→. Let ⇀(0, ·) ↓ X
→($→).

We can solve

ωt⇀+ div(⇀u) = 0

Div(D(u) + div(u)(ϖij)→ p(ϖij)) = f → ⇀(ωtu+ (u ·↑)u)

14



similarly. Here,

(Div T )i =
3∑

j=1

ωxjT
ij
, D

ij(u) = ωxju
i + ωxiu

j
.

The operator Lu : S→ ▽ ⇀ △≃ div(⇀u) ↓ X
→ is bounded, so

⇀ = e
⇒tLu⇀(0, ·).

Then

Div(D(u) + div(u)(ϖij)→ p(ϖij)) = f → e
⇒tLu⇀(0, ·)(ωtu+ (u ·↑)u).

The fundamental solutions of the elliptic operators are locally integrable on
new $. Using the above lemmas, the unique existence, smoothness, and
properties of the solutions follow similarly.

7 Supplement

This is an application of functional analysis to the existence and smoothness
of the Navier–Stokes equations using elementary weak solutions in Sobolev
spaces.

We solve the problem in mathematics. The problems are not in physics,
so we do not use any physics or assumptions-falsified mathematics, such as
in other papers. We use mathematics only. We can solve the problem by
using an exactly and completely FALSIFIED resolution, where large initial
values destroy the earth, because uniqueness does NOT hold, or SMALL
initial values love your cup of co!ee.

There are no long or complicated calculations; semi-groups, a priori es-
timates, and boundary conditions on $→ ↔ R3 are not used at all. We apply
the local solvability of linear partial di!erential operators with constant co-
e”cients ([8], [3]), erase the pressure p by Helmholtz projection P , and
solve

ωu

ωt
→#u = Pf → P ((un ·↑)un) ,

ωu

ωt
→#u = Pf → P ((u ·↑)u) ,

in X =
⋂

m↑5, p=1,2W
m,p($), $ is an open set in the universal space R↗R3

that has a smooth boundary.
For example, cylinder $ = I ↗ $→ = (→T, T ) ↗ B3(0, R) includes the

earth. We handle the variables t, x simultaneously. Cylinders are Lipschitz
domains, so we can use the Sobolev embedding theorem on $ ([1]) and the
Helmholtz decomposition on $→ ([6]).
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The initial value or external force term f is small as norms ⇓f⇓X <
1

12C4 ,
but we can take $ as (the earth) ↭ $.

The non-zero examples of elements ofX as a normed space do not depend
on the choice of c→k,m.

For any old c
→
k,m, c

→
k+1,m+1 ̸ c

→
k,m > 0,

As a result, we can take c→ as a positive constant: take c→→ as 5000c→, take
ϱ0,5 as 10⇒23.

We can construct many non-zero solutions by choosing c
→.

There exists C = O(|$|) > 0, for example,

⇓(xi △≃ sinxi)(xj △≃ cosxj)⇓X ⇔ C⇓sin⇓X⇓cos⇓X ,
∥∥∥(xi △≃ e

1
2xi)(xj △≃ e

1
3xj )

∥∥∥
X

⇔ C

∥∥∥xi △≃ e
1
2xi

∥∥∥
X

∥∥∥xj △≃ e
1
3xj

∥∥∥
X
,

∥∥∥ωk
j e

x
∥∥∥
X

⇔ C
k⇓ex⇓X ,

∥∥∥ωk
j sinx

∥∥∥
X

⇔ C
k⇓sinx⇓X .

for i, j = 1, 2, 3.
⇓ωjun⇓X ⇔ CM

even if n ̸ 2, and

⇓ωj(un+1 → un)⇓X ⇔ C⇓un+1 → un⇓X ,

for n ̸ 1.
So, there exists 0 < L < 1, by mathematical induction, for n ̸ 2,

⇓un+1 → un⇓X ⇔ L
n⇒1⇓u2 → u1⇓X ,

even if un → un⇒1 /↓ S and u1 ↙= %[u0].
Our map % is well-defined: the completion Sobolev space and the com-

mon Sobolev space are equivalent to each other, and the convolution of the
functions does not depend on anything outside $.

(To construct the solutions,

⇓ωj(un+1 → un)⇓X ⇔ C⇓un+1 → un⇓X , j = 1, 2, 3

It is not necessary, but we can easily calculate its use. The proof is similar
to the construction of a unique solution under this description.

Therefore, existence follows similarly to the proof of Banach’s fixed point
theorem on a closed set S ↔ Xε. The solutions u, p satisfy

ωu

ωt
→#u = Pf → P ((u ·↑)u)

in the sense that distributions in Xε are

div(u) = 0
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in the sense that distribution is in X.
f ↙= 0 =∋ u ↙= 0 and f = 0, a = 0 =∋ u = 0. There exists a non-zero

solution by Fujita, Kato ([4]) or Shibata ([6]), even if f = 0, so elementary
weak solutions are di!erent from the solutions by Fujita, Kato or Shibata.

u|ω!→ ↙= 0, but by Helmholtz decomposition, if $ = I ↗ $→ = (→T, T ) ↗
B3(0, R), then (u · n)|ω!→ = 0, so our solutions satisfy the energy inequality
on $ = (→T, T )↗B3(0, R). By integration by parts, we obtain

(ωtu→#u) · u = (f →↑p→ (u ·↑)u) · u.

Hence
1

2
ωt(u · u)→ (#u) · u = f · u→ ((u ·↑)u) · u.

Integrating over B = B3(0, R) and t ↓ (0, t), we obtain

1

2
⇓u(t)⇓2L2(B) →

∫ t

0

∫

ω!→
|u · n| (1 + |↑u|2) dAds+

∫ t

0
⇓↑u(s)⇓2L2(B) ds

⇔ 1

2
⇓u(0)⇓2L2(B) +

∫ t

0
(f(s), u(s))L2(B) ds.

1

2
⇓u(t)⇓2L2(B) +

∫ t

0
⇓↑u(s)⇓2L2(B) ds

⇔ 1

2
⇓u(0)⇓2L2(B) +

∫ t

0
(f(s), u(s))L2(B) ds.

Our solutions are smooth, unique, u is defined on R↗ R3, and

lim
t,|x|⇐↓

ω
ϱ
u(t, x) = 0,

for any multi-index ϱ. The map f △≃ u is continuous. The initial value
satisfies

a ↓ C
↓($→) ⇑ L

p($→).

The solution satisfies
u ↓ C(I;Lp($→)).

If ∫ T

0
(f(s),ϑ(s))L2(!→) ds+ (a,ϑ(0))L2(!→) = 0

for all test functions ϑ, and
u|ω!→ = 0,

then
f = 0, a = 0, u = 0.

satisfy the energy inequality and u belongs to the Serrin class. So u is
the unique Leray-Hopf’s weak solution and an elementary weak solution.
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Therefore, if u is the Leray-Hopf’s weak solution and an elementary weak
solution, then u = 0.

If we change the definition of S by

S =
{
u ↓ X : ⇓u⇓X ⇔ M,

∥∥∥ωk
j u

∥∥∥
X

⇔ C
k⇓u⇓X , j = 1, 2, 3, k ̸ 0

}
,

then the existence follows exactly.

ωj : X ≃ W
m,p($)

is a closed operator, so S is a closed set by the proof using Fatou’s lemma
and ⇓ωjun⇓X → ⇓ωju⇓X

 ⇔ ⇓ωjun → ωju⇓X ≃ 0.

(similar to the proof of Lemma 2)
Uniqueness follows. For f ↙= 0, we can construct many non-zero solutions

for which uniqueness holds by Baire’s category theorem: construct u ↓ S

as an interior point in Xε, construct the open neighborhood Bu, and think
v ↓ S ⇑ Bu satisfies ⇓u→ v⇓ < M , and prove similarly to ”Uniqueness” for
u→ v by using Cn, Cn ≃ ↘, un(k) ≃ u, and vn(k) ≃ v from

∥∥u→ un(k)

∥∥,
∥∥v → vn(k)

∥∥ <
1

k
,

Cn(k)

∥∥un(k) → vn(k)

∥∥ ⇔
∥∥ωj(un(k) → vn(k))

∥∥

=
∥∥ωjun(k) → ωjvn(k)

∥∥

⇔
∥∥ωjun(k)

∥∥+
∥∥ωjvn(k)

∥∥

⇔ 2CM.

We conjecture that blow-up solutions can also be constructed. For any
ς > 0, there exist ϖ > 0, a constant M(ς) > 0, and a function f ↓ SM(ϑ)

such that:

• M(ς1) > M(ς2) whenever ς1 > ς2,

• CM(ς) > ⇓E ∝ ε!Pf⇓ > 2ς,

• |$| < ϖ =∋
∥∥E ∝ ε!P


(u ·↑)u

∥∥ < ς.

By the triangle inequality, ⇓u⇓ = ⇓%[u]⇓ > ς. For example,

f(t, x) = 2(ς+ 1)(⇓E ∝ ε!P sin(x1)⇓+ 1) sin(x1),

M(ς) = 2 + exp(2(ς+ 1)(⇓E ∝ ε!P sin(x1)⇓+ 1)).

We conjecture that we can take the initial value a large by making |$|
smaller.
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[11] Kôsaku Yosida, Functional Analysis, Springer Berlin, Heidelberg, 1980.

[12] Ping Zhang, Global Fujita-Kato solution of 3-D inhomogeneous incom-
pressible Navier-Stokes system, Advances in Mathematics 363 (2020),
107007.

20



Justification

Masatoshi Ohrui

May 24, 2026

1 Lemma 2
∑

k→0,m→5 1/(c
↑↑2
k,mm!4) = C ↑ < →,

1/(c↑2k,m) ↑ (1/(c↑↑2k,m))(c↑↑2k,mm!4)/(c↑2k,m).
Therefore, (1/(C ↑ + 1))↓um ↔ un↓↑ ↑ ↓um ↔ un↓↑↑ < ω.
Thus ↗C ↑ > 0, ↓um ↔ un↓↑ ↑ (C ↑ + 1)ω.

2 Lemma 4

If ↘ε, ϑω
t,xU ≃= 0, i.e. , if U is not polynomials function as t, x, simultaneously,

then by mean value theorem on integration, we can correct the values of the
functions outside of ! that for any ϖ ⇐ D(!),∫

! ϑω(E ⇒ ϱ!U)ϖ

= (↔1)|ω|
∫
!(E ⇒ ϱ!U) ϑωϖ

= (↔1)|ω|
∫
!

∫
↓!+(t,x) E(s, y)U(t↔ s, x↔ y)dsdy ϑωϖ(t, x)dtdx

= (↔1)|ω|
∫
!

∫
! E(s, y)U(t↔ s, x↔ y)dsdy ϑωϖ(t, x)dtdx

=
∫
!

∫
! E(s, y)ϑωU(t↔ s, x↔ y)dsdy ϖ(t, x)dtdx.

1



Supplement and References Written in Japanese
Language

Masatoshi Ohrui

June 5, 2026

1 Japanese books

To justify of Lemma 3, take c→k,m as c→k,m → 1.
Hisashi Okamoto, Principal of the Navier-Stokes Equations, University of

Tokyo Press, 2023, ISBN: 978-4-13-061315-6;
Yoshihiro Shibata, Basic of Mathematical Fluids 1, 2, Iwanami books, 2022,

ISBN: 9784000298582, 9784000298599 .
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supplement

June 9, 2026

1 About other PDE and embedding constants

We can apply our Elementary PDE Theory to the wave equations with dimen-
sion 2, by Theorem 10.2.1., Lars Hörmander, ”The Analysis of Linear Partial
Di!erential Operators II”, Springer, 1983.

→u→C0,ω(!) ↑ →u→Ck,ω(!) ↑ c→→k,m→u→X and →u→C0,ω(!) ↑ c→→0,5→u→X .

Therefore we can take c→→k,m ↑ c0,5 as a constant. (Reference: Haim Brezis,
”Functional Analysis, Sobolev Spaces and Partial Di!erential Euations”, Springer,
2010)
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