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Abstract

We can prove Hartog’s phenomenon by solving the ∂̄-equation for
compactly supported forms. To solve the equation, we construct the
solution using convolution.

Proposition 1 (Existence of solutions of ∂̄-equation). Let f ∈ C∞
0,(p,q+1)(C

n)
satisfy

f =
∑
I,J

fI,J dz
I ∧ dz̄J ,

fI,J ∈ C∞
0 (Cn) for n ≥ 2 and ∂̄f = 0.

Then there exist (p, q)-form u such that

∂̄u = f,

uI,J ∈ C∞
0,(p,q)(C

n).

Proof. The identity
∂

∂z̄

(
1

πz

)
= δ

holds in the sense of distributions ([2]).
Let

f1 =
∑
I,J

fI,J dz
I ∧ dz̄J\{j1},

and define

u1(z) =

∫∫
fI,J(zj1 − w)

πw
dw ∧ dw̄.

Then
∂u1
∂z̄j1

= fI,J .

Hence

v1(z) =
∑
I,J

(∫∫
fI,J(zj1 − w)

πw
dw ∧ dw̄

)
dzI ∧ dz̄J\{j1}

1



satisfies
∂̄v1 = ±f.

Proposition 2 (Hartogs’ phenomenon). Let Ω be an open subset of Cn.
Let K ⊂ Ω be compact, and assume that Ω \ K is connected. Then, for
every u ∈ A(Ω \K), there exists u ∈ A(Ω) such that

u = u on Ω \K.

The proof of Proposition 2 is similar to that of [1, Theorem 2.3.2]. In
the proof, the function v plays the role of the solution, and the open set may
be taken to be the interior of Ω \K. Note that Proposition 2 does not hold
when n = 1.

Using
(∂̄u)|Ω = f |Ω,

we can prove the vanishing theorem for ∂̄-cohomology on an n-dimensional
complex manifold Ω.
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