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Abstract

In present paper we prove an original theorem on the natural numbers. From this theorem emerges a set of symmetries
of the natural numbers. “The conjugate”, “the complementary”, “the L/R symmetry”, “the transpose”, and “the K
numbers” did not exist as concepts in Number Theory. The same applies to “the octets of odd numbers”. Through
these symmetries the study of the natural numbers can be done, outside the context in which they have been studied
so far. One of the consequences of the theorem, but not the most important one, is an odd number factorization
algorithm.
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1. Introduction

The results of this paper are based on the following representation of odd numbers. Let IT be an odd number other

InTT | . . InTT . o
than 1, and {ﬁ} is the integer part of ﬁ € R . Then II can be uniquely written in the form
n n

v-1 .
N=2"+2"+) B2,
i=0

where v e N, v+1=“n—l;[] p=%1i=012,..,v-1.
n

(Theorem 1). It is easy to show that in such a representation, the powers of 2 cannot be replaced by powers of any
other integer. The main difference between this result and the known arithmetic systems (binary, decimal etc.) is that

the coefficients of the linear combination can take values —1 or +1. This has the consequence that representation (1)
has the largest number of terms, of all possible systems of representing odd numbers. This feature will allow us to

define “the conjugate”, “the complementary”, “the LI R symmetry”, “the transpose” and “the K numbers” of an

odd number.
The symmetry L/ R (Definition 3) categorizes the odd numbers into four classes, Q, V, U ,and D (Definition
5). The transpose (Definition 4) categorizes Q, D and V , U into "symmetric" and "asymmetric" numbers.

Combining the conjugate (Definition 1) with the transpose gives "the octets" of odd numbers (Definition 6). The
octets of odd numbers are the most elegant object that emerges from Theorem 1. We study the internal structure of an
octet and the relationship between two different octets.

In Section 8 we study sequences A(N)=2"+1 and B(N)=2" —1. The factors of these sequences have a

particular structure, which we present. If P is a prime factor of A( N) =2"+1or B ( N) =2" —1,then P—1 has

at least one common factor with N (Theorem 12).

In Section 9 we introduce “the K numbers” (Definition 9). These numbers are related to the structure of the odd
numbers. One of them is the odd number K that appears inthe L /R symmetry (refer to Proposition 3).

In Section 10 we make an application of the symmetries of the natural numbers. The combination of the K numbers
with the octets of the odd numbers gives an algorithm for factoring the odd numbers.

2. Odd numbers as linear combinations of consecutive powers of 2



In this Section, we derive the representation mentioned in the Introduction.

Theorem 1. Let IT be an odd number other than 1, and {Iln—l;[} is the integer part of Iln—l;l e R . Then II can be
n n

uniquely written in the form

v-1 )
N=2""+2"+> B2, @
i=0
where ve N, v+1= Init , Bp=111=012,..,v-1.
In2
Proof . For binary intervals we follow the notation QV 2[2‘”1,2”2], v=-10,1....
[In1 |
If IT=1wehave v+1=| — |=0=v=-1and
| In2 |
M=1eQ,=[2°,2"|=[12].
[In3] _ _
If IT=3 we have v +1= 2 = v =0 and from Equation (1) we obtain
— n -

M=3=2'+2"eQ,=[2'2"|=[22*].
We now examine the case where v € N~ = {1, 2,3, } . For a particular value of v, the smallest value of the odd
number (1) is

IT, = H(v) =22 2t =2 —1=2" 41 )
The largest value of odd number (1) is

MO, =T(v)=2"+2"+2""+2" +..+2 +1=2"" 1. )
From Equations (2) and (3) we get that for any odd IT =11 (V, B ) in Equation (1), the following inequality holds,
M, =2"+1<M(v,f)<2" -1=T11 . (4)
The number N (H(v, B )) of odd numbers in the closed interval |:2V+1 +1,2"° —1] is

I . 2v+2 _1 _ 2v+1+1
N(II(v.5))= = m'“+1=( )2( )+1=2V. ()

The integers S,i=0,1,2,...,v =1 in (1) can only take two values, namely S, ==1, and thus (1) gives exactly
2" =N (H(v, B )) odd numbers. Considering also Equation (5), we conclude that for every v « N™ Equation (1)

gives all odd numbers in the interval € .
From Inequality (4), we obtain

2" 41<I1<2"% -1

so we have 2" <TT < 2"*2. Thus

(v+1)In2<InTI<(v+2)In2

from which we get

—InH—1<v+1<—|nH
In2 In2
and finally
InTT
+1=| —|. (6)
{ Inz}



We prove now that every odd number IT #1 can be uniquely written in the form of Equation (1). We write the odd
IT as

v—1 .
N=2"+2"+> B2, Q)
i=0
where v +1= In—H , pi=%1i1=012,...,v-1, and
In2
v—1 .
M=2"142"+> 2, 8)
i=0
where v+1=[|n—n} and y, =+1i=0,1,2,...,v-1.
In2
From Equations (7) and (8) we get
(ﬂo_yo)'zo"-(ﬂi_?/l)'zl"'(ﬁz_7/2)'22+"'+(ﬂv—1_7v-1)'zv_l:O* 9)
where

B =%Li=012.,v-1,ie{012.,v-1 and , =+Li=0,12,..,v-1,i {012,y -1} .
If in Equation (9) there are ie{O,l,Z,...,v—l} suchthat S, # 7,,and let k is the smallest of them, then dividing

by 2% we get an odd number equal to an even number. So, it follows that B =yvi=012,..,v-1.
O

Algorithm for representing an odd number in the form (1). In order to write an odd number IT#1,3 in the
form of Equation (1) we initially define the v € N from Equation (6). Then, we calculate the sum
2"t 42V,
If 2" +2" <TT weadd 2", whereas if 2" +2" >TI then we subtract it. By repeating the process exactly v
times we write the odd number IT in the form of Equation (1). The number v of steps needed in order to write the
odd number IT in the form of Equation (1) is extremely low compared to the magnitude of the odd number IT, as

derived from Inequality (4).
Example 1. For the odd number I'T =23 we obtain from Equation (6)

In23

+1= [—} =v=3.
In2

Then, we have

271 4 2v = 2% + 28 =24 > 23 (thus 2 is subtracted)

2% +2° —22 =20 < 23 (thus 2" is added)

24 +2° 224 2' =22 < 23 (thus 2° =1 is added)

2'+2° 22+ 2" +1=23.

Fermat numbers F, can be written directly in the form of Equation (1), since they are of the form IT .,

Fo=2"+1=1I1,,(2°-1)=2" +2" " -2" 2 -2"° - -2'-1, (10)

where S € N. Similarly, the Mersenne numbers M p can be written directly in the form of Equation (1), since they

are of the form 11,

M, =2"—1=T1,,,(p—-2)=2""+2"2+2"° +..+ 2" +1, (12)

where P is prime.

We now give the following definition.
Definition 1. Let I'T be an odd number greater than 1, and consider the representation of IT as described in Theorem

1. Then the conjugate IT of IT is



H*=H*(v,yj)=2”1+2V+§yj2", (12)
j=0

where y, =—-4;, j=012,..,v-1.

Proposition 1. If IT is odd, then the following hold.
1. We have that

() =11. (13)
2. We have that
T =32"—1I. (14)

3. We have that IT is divisible by 3 if and only if IT" is divisible by 3.
4. Two conjugate odd numbers cannot have common factors greater than 3.

5. Conjugates TT and TT are equidistant from the midpoint 3-2" of the interval :[2”1,2”2].

Proof. 1. This is an immediate consequence of Definition 1.

2. From Equations (1) and (12) we get

I+IT = (2”+1+2V)+(2”+1 +2V)

or equivalently

MM+IT =327,

3. If the odd I is divisible by 3 then it is written in the form TT=3x, x =odd , and from Equation (14) we get

3X+IT =3-2"* thatis, IT = 3(2"+1 — X). The converse can be proved similarly.

4. Let TTI=xy,IT" =Xz, x, y, z are odd numbers. Then, Equation (14) implies that x(y+ Z) =3-2"" and

consequently x =3.
5. From equation (14) we obtain

m-3-2"=3-2"-11,
and thus
\H—s-zv

*

. [}

=\3~2”—H

Proposition 1 implies that 3 is the only odd number which is equal to its conjugate; 3° =3-2°" —3=3. For the
IT =1, we define
1 =1 (15)
It is easily proven that Theorem 1 is also valid for even numbers that are not powers of 2. In order to write an even

number E that is not a power of 2 in the form of Equation (1), initially it is consecutively divided by 2 and it takes
of the form of equation

E=2".1I, (16)
where TT odd number, TT#1, | e N". Then, we express IT as in Equation (1).

Example 2. By consecutively dividing the even number 368 by 2 we obtain

E=368=2".23.

Then, we write the odd number IT = 23 in the form of Equation (1),

23=2'+2"-24+2"+1

and we get

368 =2" -(24 +2° -2 +21+1)=28 +20-2°42° 4 2%

This equation gives the unique way in which the even number 368 can be written in the form of Equation (1). For
even numbers the lowest power of two in Equation (1) is different from 1=2°.



The middle 3-2" of the interval Q = [2”1, 2”2] is a center of symmetry of two conjugates numbers of the

interval Q . Therefore, also for the even numbers E of Q the conjugate E” is defined, and the Equation

E+E =3-2"" applies.
We now give the following definition.
Definition 2.

We define as complementary the odd numbers IT and I1" of the interval Q,, for which TT'—IT = 2" holds.

For complementary numbers the following holds.
Proposition 2.
1. We have that

(') =11.
2. IT and IT" have no common factor.
3. The complement and conjugate of an odd number IT are commutative,

() =(1r)".
Proof. 1. This is an immediate consequence of Definition 2.
2. Let TT=xy,IT"'=xz, x, y, z are odd numbers. From Definition 2 we get I1'—IT1=2" or equivalently

Xz —xy = 2" or equivalently x(z - y) = 2", which is impossible since the odd number X cannot be a factor of 2"

3. We prove 3 of the proposition in the case where He[ZV”,3-2V]gQV. The proof in the case where
IMe [3- 2V,2”2:| < Q  is similar. We have T1' =TT+ 2" and

(I1) =3.2"-I'=3.2" ~(1+2")=3.2" - [1-2" = 2" —II.

Since T e [2”1, 3-2V:| cQ, wehave IT € |:3-2V,2”2:| = Q, . So we get

(IT) =1 -2 =3.2 ~11-2" =2 11

Therefore we have (H* )’ = (H')*.

O
3. The L/R symmetry

We now give the following definition.

Definition 3.

1. The odd number IT has Left-symmetry L when there exists an index L such that

Poa=+LB =B =P s=-=B=B=05=-1 a7

where Le{2,3,4,...,v-1}.

2. The odd number IT has Right-symmetry R when there exists an index R such that

Pra="L P =Prs=Pra=-=B=p=F=+1, (18)
where Re{2,3,4,...,v -1}.

Sometimes, we will use the notation L(IT) and R(IT) for L and R, respectively, above.
Example 3. The prime number
Q=568630647535356955169033410940867804839360742060818433

is a factor of F, = 2% 1. From the Equation (6) we have v +1=178, and then from Equation (1) we have



Q=218 4 217 N6 | DI75 L DIT4 | D173 4 Q72 _ ITL | DT | D169 4 D168 4 16T 4 166
4165 _ol6s | o163 _ 162 _ ol6l _ o160 _ ol59 | ol8 | l57 | 156 _ olss _ ol _ 9153 _ ol52
ISty ISV _puo | olé8 _ o147 _ U6 | oS _ oléd | gl plaz_ plel_ pld | o130 | ol
QI gl L ol _ ol plss 4 ol _ oIl gI0_ 28 4 ol28 _ 9I21 | ol26 _ o125 _ pu
_123 _gl22 _ 912l o120 _9l19 | 9li8 _oll7 | oll6 _olls | ol _oll3 _gli2 _ olil _ 9li0
_109 _ 9108 | 5l07 _ 9106 | 9105 _ o104  5l03 _ 9102 | 5101 _ 9100 | 999 %8 _ 997 . 0% _ 9%
% 0% 98 4 g0l g% _ 89 L 088 _ 8T | o8 | 085 | o8 _ 983 L of2 _ 9Bl 4 o0 | 579
21 27T QM 75 4 M 4 273 " 2T 270 4 289 1 %8 4 26T 4 986 | 0% 4 08t _ D%
002 4 P g0 oS _pS ST _ % | 9% S oS _ o _gSL_ %0 _pio | ot | oe7
¥ o5 oM | o3 o2 il _oM0 | 539 938 _ o3 93 o3 o3 _ 9B o3 il
W 40 9B U | Q¥ L 925 o2 ¥ o2 o2 o0 g8 _pl8_oll ol | ois
1M Qe gz gl g0 8 98 o7 96 95 94 93 2 ol g

So the factor 568630647535356955169033410940867804839360742060818433 of F,, has Left-symmetry L

(568630647535356955169033410940867804839360742060818433)=15.
From the Euclidean division identity it follows that every odd number IT is written in one of the following forms,

Q=Q, =8m+1,
V=V, =8m+3,
U=U_,=8m+5,
D=D,=8m+7,

where me N.

From these Equations we obtain the following proposition.
Proposition 3.

1.Q=Q,=1or Q =2"K +1, where K isan odd numberand L >3.

2.V =V, =3 orV =2"K+3, where K isan odd number and R >3.
3.U=U,=50rU=2"K+5,where K isan odd numberand L >3.

4. D=D,=7 or D=2"K +7,where K isan odd numberand R > 3.

Proof. We prove 1. 2, 3 and 4 are proved similarly. We have Q =8m+1.1f m=0 wehave Q =1.1f m=0 isan
odd number, m =K , we have Q =2>-K +1. If m# 0 is an even number, M =2"-K, n=1,2,3,..., we have
Q=2""-K+1=2"-K+1 where L >3.

We give two examples.
Example 4. For odd number 18303 we have

18303+1=2"-143.

Therefore R(18303) = 7. Indeed, from Equation (6) we get v =13 and from Equation (1) we obtain
18303 =2 +21° 2% 2" 20 4 2 1 22 4+ 2" 2 4+ 2° 420 4+ 22 4+ 27 4 2" 1.

Example 5. For the number C1133 which is composite factor of F;, with 1133 digits, we have
C1133-1=2".K.

Therefore, L(C1133)=14.



We now prove the following.
Proposition 4.
The numbers Q, V , U, D are written in the form

Q=4M -3,

V =4M -1,

U=4M +1,

D=4M +3,

where M =1,3,5,....

Proof. We prove the first Equation. The other three are proved similarly. We have
Q=2"-K+1,L>3K=0,135,..
or equivalently

Q=2"-K+4-3

or equivalently
Q=4(2"7-K+1)-3

or equivalently

Q=4M -3,

where M =2"%.K+1=1,3,5,....

From Definition 1 and Equations (21), (22) we obtain the following.
Corollary 1.

The conjugate of Q =2"-K +1is Q" =2"-K" —1, and vice versa.
It is easy to prove the following.
Proposition 5.

QQ,=Q.

D,D,=Q.

QD,=D.

L(Q)<L(Q)=L(QQ,)=L(Q).
R(D

) Q
L(Q)<R(D)=R(QD)=L(Q).
) R(D).

R(D

J>.°°!\J!‘

IS

R(D)<L(Q)=R(QD)=
R(D,)<R(D,)=L(D,D,)=

~

).

oo

We give two examples:

Example 6. L (641)=7<L (114689)=14 => L (641x114689)=7.

Example 7. R (607)=5< R (16633)=6 => L (607x16633)=5.
A consequence of Proposition 5 is the following.

Corollary 2. 1. Composite numbers of the form A= 2" +1 are written as
A=2""+1=(2"-K,+1)(2" K, +1), x=3,

where Xx=1,2,3,.. and K;, K, are odd numbers.

2. Composite numbers of the form B = 2"** —1 are written as
B=2""-1=(2"-K,+1)(2"-K,-1),

where X =4,5,6,.. and K, K, are odd numbers.
From Definitions 1 and 2 we obtain the following.

. Symmetry (I1, ) = Symmetry (1, ) = Symmetry (IL,IT, ) > Symmetry (I1, ) = Symmetry (I

2).



Corollary 3. In every conjugate pair (H, H*) , one number has left symmetry, and the other has right.

We now prove the following.
Proposition 6.
1. The squares of odd numbers are of the form Q .

2. The product TT1Q of an odd number IT by an odd number of the form Q has the same form and the same symmetry

value L/R as IT.
3. The even powers of an odd number IT are of the form Q .

4. The odd powers of an odd number IT have the same form and the same symmetry value L/ R as IT.
Proof. 1. We prove that \VV? is of form Q . The proof for Q?%, U?% and D? is similar. We have

V? =(8m+3)" =8(8m* +3m+1)+1=8m'+1.

2. We do the proof for the product VQ . The proof for the other three products is similar. We have

VQ =(8m+3)(8n+1)=64mn+8m+24n+3=8(8mn+m+3n)+3=8m"+3.
3, 4. 3 and 4 of the proposition result from the combination of 1 and 2.

m]
4. Transpose of odd number. Categorization of odd numbers
We now give the following definition.
Definition 4. 1. We write the numbers A=D or A=V in the form of Equation (1),
A=2""+2"+B 27+ B, 27+ + B2 +1, (19)
InA
where v +1= [S} . We define the transpose T (A) of A as
n
1 1 v-1
T(A) =(—1+—+&;+—ﬁvj +...+£i+1j-2“+l =243+ ) B2 (20)
2v+ 2v 2v— 2v— 2 —
2. We write the numbers A =Q or A =U in the form of Equation (1),
A=2"+2"+pB 27+ B 27+ + B2 -1, (21)
InA i
where v+1= 2 . We define the transpose T (A) of A as
n
1 1 B, B B j | ! S 1k
T(A)=- R 12 =2 -3 27 (22)
( ) (2V+1 21/ 2\/—1 2\/—2 21 kz:l:ﬂk
3. We set
T(1)=1. (23)
4. From Equations (20), (22), (23) we get the general equation
v-1
T(IM)=2"+4, -(3+Zﬁk 2) (24)
k=1
InTT
where v+1=| —|.
In2

InTT
Algorithm for the calculation of the transpose. Let IT be an odd number. We first calculate v +1= [ﬁ:l from
n

Equation (6). Next, applying the algorithm described of Example 1, we write IT in the form of Equation (1), and we
calculate B =+1,i=1,2,3,...,v —1 and the transpose T (IT) of IT from Equation (24).



We now prove a series of results regarding the transpose of an odd number.

Theorem 2.
1. It holds that

T(IT)=1ifandonlyif [1=2"-3,v>2,veN.

2. It holds that

v+1:{|n—Q} g
In2

Proof. 1. For [1=2" —

pi=1
B =bBia

v—2

k=123,..,—
2

V-

k=123,..,—
2

:Bl -1
B =P

k=123 V"2
2

k=123, Y=
2

3 we get

(25)

,V =even: (26)

1,v:odd

,v=even- @7)

1,v:odd

=2 —3=(2V —1)—2:(2V-1+2V-2+2v-2+...+21+1)—2

A A A |
that is, IT has left symmetry, and thus Equation (22) implies T (IT) =1. Now, let T (IT) =1. The odd IT has either
left or right symmetry. We only consider the former case, as the latter is similar. Then

M=2""+2"+B 2" '+ B 2" +..+B,2°+ B2 -1,

In

(28)

InTI
where n+1= [—2} . Thus, from Equation (22), we get

(1)

-2 =B 22— B,2"+ 2",

Thus, we have the following sequence of equivalent equations

T(IM)=1

P Ny L L |
I T N R L Ly L LS |

—1-2! —ﬁn_122 —— 2"+ Mt omE g on ot _onr 22 2t ]
As the representation in Equation (1) is unique, we have

Po=p=p=..= B, =+1.

Therefore, (28) implies

M=2"1 42" +2"%, +2' 1= 2(2“ T R +1)—1
:2(2n+l_l)_1:2n+2_3 ’

Setting N+2 =v we obtain [1=2" —3.
2. This is proved similarly. We write D in the form of Equation (1), that is,

9



D=2"4+2"+8 2"+ B, ,2" 2 +..+ B2 +1, (29)

InD
where v +1= {ﬁ} . Equations (29) and (20) imply
n

T(D)=1+2+8,2"+ B, ,2° +..+ B,2" + 2", (30)
Then T (D) =D ifand only if
142+ 8,2+ B, , 20+ + B2 + 27 =2 42"+ B 27+ B, L2+ + B,22 + B2 +1.

As the representation in (1) is unique, the proof is complete. O
Theorem 3.
1. If the odd number D has right symmetry, then
T(D)-T(D")=6. (31)
2. If the odd number Q has left symmetry, then
T(Q)-T(Q")=-6. (32)
Proof. We only prove (31), as the proof of (32) is similar. From Equation (29), we get,
D' =2""4+2" —ﬂHZH -8, 272 —...—,8121 -1=0Q. (33)
Equation (22) implies
T(D')=-1-2+8,2"+B,,2 +..+ 2" +2"". (34)
Finally, from (30) and (34), we obtain T (D) -T (D) =6. O
Theorem 4.
In IT v+l Av+2
Foreveryodd IT, v +1=| — |, [TeQ, :[2 ,2 ]then
In2
T(IT)<2"?, (35)

Proof. Without loss of generality, we may assume that IT has right symmetry. From Equation (30), and taking into
account that 5, =+£1,i=0,1,2,...,v—1, we obtain

T(D)=1+2+8_,2"+B ,2° +..+ B2 + 2" <1+ 242" +.. 42"+ 2" =2""" -1
T(D)<2"?—1< 2" | .
This result implies that if an odd IT belongs to the interval €2 = |:2V+1, 2V+2] , its transpose T (H) can be found in

intervals Q ,n<v.

Theorem 5.
If D, Q belongs to the interval QV=[2”1,2”2], v+l= In—D = In—Q , v=4,5,6,..., then

In2 In2
T(D—2)+T(D)=T(Q)+T(Q+2)=2"+2. (36)

Proof. The smallest odd number D with right symmetry in €2, = [2”1, 2”2] is D =2""+3.Thus, DeQ,
if and only if (D—Z)EQV (D >3). The largest odd number with left symmetry in the interval € is
Quin =27 +1. Thus, the following Q € Q,, if and only if (Q+2)€Q, (Q>3). We do the proof of the

equation T (Q) +T (Q + 2) =2""? The proof of the equation T (D - 2) +T (D) =2"*? s similar. From
Definition 3 we have

Q=2"+2"+8 2"+ 8,27+ B 2 +.+ B,2°-2-1

10



and
Q+2=2""+2"+B 27+ B 27"+ B, .2 +..+ 3,22 -2 +1.
From these Equations and (24) we get

T(Q)+T(Q+2)=2"2

O
Theorem 6.
If D, Q belongs to the interval Q, =[2"",2"*%], v+1= In—D = In—Q , v=4,5,6,..., then

In2 In2
T(D)—T(D—4)=T(Q)—T(Q+4)=2V+1. (37)
Proof. We do the proof of the equation T (Q) -T (Q + 4) =2"
The proof of the equation T ( D) -T (D — 4) =2"" is similar. From Definition 3 we have
Q=2"+2"+8 2"+ 8,27+ B 2 +.+ ,2°-2-1
and
Q+4=2""4+2"+B 2"+ B 2"+ B .2 +..+ B,2° +2-1.
From these Equations and (24) we get
T (Q)—T (Q+4) =2

O

Expunging T (D) and T (Q) from Equations (36) and (37) we obtain the following.
Corollary 4.
If D, Q belongs to the interval Q, =[2"",2""%], v+1= In_D = In—Q , v=45,6,..., then

In2 In2
T(D-2)+T(D-4)=T(Q+2)+T(Q+4)=2"" (38)
Theorem 7.

For every odd I, then
T(2"-11) =T (11),
where ne N.

Proof. We prove the Theorem for odd D ones with left symmetry. The proof for odd Q ones with right symmetry is
similar. We have

D=2"4+2"+8 2"+ B, ,2" 2 +..+ B 2" +1,

where v +1= In—D )
In2

From this Equation and (20) we get the following equivalent equations,
v+1 v v—1 v—2 1
2'D=2""" 2" g 2" B 2" L+ f27 + 21

T(Z”D):( 1 n 1 + ﬁv—l + ﬂv—Z o+ ﬂl +2_1nJ.2n+v+l

2n+v+l 2n+v 2n+v—1 2n+v—2 W
O
1 l ﬂv— ﬁv— ﬁ 1 v+
=(2v+l+2_v+2v—]]:+2v—§+"'+2_]].-+§j.2 l:T(D)

We now give the following definition.
Definition 5. Categorizing odd numbers. Let IT be an odd number.
1. We define as symmetric every odd IT for which

11



T(T (1)) =11. (39)
2. We define as asymmetric every odd IT for which
T(T (1)) =11. (40)
From Equations (20) and (22) we get the following.

Corollary 5.
1. D and Q are symmetric numbers.

2.V and U are asymmetric numbers.
From Equation (24) and Definition 5 we obtain the following.
Corollary 6.

1. The odd number T ( is of the form Q .

Q)
2. The odd number T (D) is of the form D.
U)

3. The odd number T ( is of the form Q .

4. The odd number T (V) is of the form D .

5. T(IT1) =11 if and only if IT is a symmetric number or IT =3,
Theorem 8.
If an asymmetric odd number belongs to the interval Q , then its transpose belongs to the interval QM with ¢ <v

Proof. This is a direct consequence of Equation (24) and Proposition 3.
O
Equation (31) has been proved for all odd numbers with right symmetry. Equation (32) has been proved for all odd
numbers with left symmetry. Thus from Theorem 3 we obtain the following.
Corollary 7.

1. For an asymmetric number of the form V ,
T(V)-T(V")=6.

2. For an asymmetric number of the form U ,
T(U)-T(U")=-6.

From Definition 4 we obtain the following.

Corollary 8.

1. Let a be an odd number belongs to the interval
Q=2"-K+1,L>4,

K isodd, then T (Q +4) belongs to the interval €, and T (Q + 2) belongs to the interval Qv—(L—Z)'

2. Let a be an odd number belongs to the interval €,
D=2.K-1, R>4,
K isodd, then T (D — 4) belongs to the interval €2

From Proposition 3 we obtain the following.
Corollary 9.

1. The product Q-U is of the form U .
2. The product Q-V is of the form V .

3. The product D-U is of the form V .
4. The product D-V is of the form U .
5. The product U -V is of the form D .

(Rz)and T (D —2) belongs to the interval Q. ;.

12



6. The product V, -V, is of the form Q.

7. The product U, -U, , is of the form Q.
From Proposition 5 and Corollary 9 we obtain the following.

Corollary 10.

A composite odd number has one of the following ten forms.
1. Q=Q0,.

2.Q=DD,.

3. Q=VYV,.

4.Q=UU,.

5.V =QV,.

6.V =DU,.

7.U=QU,.

s.U=DV,.

9. D=QD,.

10. D=U)V,.

From Proposition 5 and Corollaries 5 and 9 we obtain the following.
Corollary 11.

For the odd numbers Q, V , U, D the following holds.
1. The product Q- T (Q) is of the form Q.

2. The product V - T (V) is of the form U .
3. The product U - T (U ) is of the form U .

4. The product D-T D) is of the form Q.

From Definition 2 we obtain the following.
Corollary 12.

If the complementary numbers IT and I1" belong to the interval Q, with v > 3, then they are of the same form Q

,V,Uor D.
We now prove the following.
Proposition 7.

A. L If Qe Q isasymmetric number with left symmetry, then
T(Q)=T(3-2*-Q)-6.

2.1f U € Q is an asymmetric number with left symmetry, then
T(U)=T(3-2""-U)-6.

B. 1. 1f D € Q) isasymmetric number with right symmetry, then
T(D)=T(3-2""~D)+6.

2.1fV € Q) is an asymmetric number with right symmetry, then

T(V)=T(3-2""-V)+6.

13



Proof. The proposition is a consequence of Theorem 3 and Corollary 7. We prove A.1. A.2 and B.1, B.2 are proved
similarly. From Equation (32) we get T (Q*)—T (Q) =6 and from Equation (14) we get

T(3-2"-Q)-T(Q)=6

or equivalently

T(Q)=T(3-2"*-Q)-6. O
Theorem 9.

1. Fornumbers A=2"+2"+ 8 2"+ B 2"+ B 2% +..+ B,2° + ,2' +1 we have

T(A)—T(A—ﬁkzk”)=2””,Bk, (41)
where k =1,2,3,...,v—1.

2.Fornumbers A=2""+2"+p 2" +pB 2"+ B 277 +..+ 3,2+ 32" —1 we have

T (A_ﬂk 2k+l) T (A) — prrak ﬁk’ 42)
where k =1,2,3,...,v-1.

Proof. We prove Equation (41). (42) is proved similarly. We have

A=2""42"+B 27+ B 27+ B 2+ 4 2+ + B2+ 2 +1

and

A=B22M =242+ B 27+ B2+ B 2+ = B2+ + B,2P+ B2 +1,

From these Equations we get

1
T(A):2v+1(1+5+f:_11 +f:_§ +f:_j +...+%+...+%+%+1}

1
T(A—ﬂk2k*1)=2”l(1+5+’§:11 +f:22 +§:§ +...—%+...+%+%+1}

and finally we get T (A)-T (A ~B. 2k+1) _orhg

5. Octet of odd numbers

We now give the following definitions.
Definition 6. We define as the octet @ of odd number I1 the non ordered octet

®= (H,T (), (T (), T ((T (H))*),H*,T (), (T () T ((T () )) (43)

Definition 7.
1. From Definitions 1 and 3 it follows that if I is symmetric, then the numbers of the octet belong to the same
_ InTI L .
interval QV . IT belongs to the octet, so v +1= ﬁ . We define this octet as symmetric.
n

2. From Definitions 1 and Theorem 8 it follows that if IT is asymmetric, then the numbers of the octet belong to the
same interval €2 . We define this octet as asymmetric.

We now give an example which also shows the ways in which we can write a symmetric octet.
Example 8. From Equation (43) we get the symmetric octet in which TT =889 belongs,
®=(889, 529, 1007, 895, 647, 535, 1001, 641). To distinguish the pairs of transposes and conjugates, we write the
octet in the following form.

14



889 «'— 529 <« 1007 <« 895

1 08

647 <« 535 «*—» 1001 <« 641
Because of Equation (13) (H* ) =TT two conjugates are always connected, in all octets, by the symbol <«——,
[T«——IT". With TT,«T—TI, we denote that T (IT,)=1I1, and T (I1,)=T1,. 1f T(I1,)=1II, and
T (Hz) #I1,, we write I, ;)Hz . We follow this notation when 11, is asymmetric. In our example the octet

is symmetric. Therefore I1; <—T—>H2 is valid for all of the octet numbers. The octet symmetries are easily seen
when we place the numbers on the corners of a regular octagon.

889 <« 529
647 1007

T7 IT

535 895
N '
1001 «— 641

A symmetric octet can be composed of eight different numbers, like the one of the previous example, or of 4
different numbers or of 2 different numbers (with the exception of the degenerate octets (1, 11,1111, 1) of 1and

(3, 3,3,3,3,3,3, 3) of 3). From the Definitions of the conjugate and the transpose, the following equations are easily
proven

2"+l 2" 1

2"+ T2 -7

2"+l 2" 7 . (44)
2"+ T 152" +7

2v+l _1<;) 2v+1 _1
Considering Equations (44) we get the symmetric octets

<2v+l +1 ov+2 -7, v+l 4 7, ov+l +7, ov+2 -1 ov+2 -1 ov+l +1 ov+2 _7) , (45)
where v=34,5,....

The symmetric octets (45) consist of four different numbers. The Fermat numbers for v+1=2%S € N, and
Mersenne numbers for v +2 = p = prime belong to these octets. The symmetric octet (9,9,15,15,15,15,9, 9)
of conjugates (H, H*) = (9,15) consists of two numbers.

Asymmetric octets as generators of symmetric octets. If an odd number IT belongs to a symmetric octet, then its
conjugate IT" and its transpose T(H) belong to the octet. Also, all the numbers in the symmetric octet belong to
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the same interval € . The asymmetric octets result from a pair of conjugates (H, H*) belonging to an interval Q,
and their transposes (T (), T (H*)) in another interval Q,, 1 <V (refer to Theorem 8). The octet of the pair

(T (IT),T (H*)> is symmetric and we say that it is produced from the initial asymmetric octet.

We now present one example of an asymmetric octet in which one can see the way in which we can write it so that
the asymmetry is evident and so are the symmetric octet that it produces.

Example 9. Let the pair of asymmetric conjugates (U =10301,14275=V ). We have T (10301)=641 and

T (14275) =895. Thus U =10301 produces the symmetric octet to which Q =641 belongs, and V =14275

produces the (same) symmetric octet to which D =895 belongs.
10301

7
641 <« 1001 <« 535 <« 647
895 «T1—> 1007 <« 529 «1—> 889
AT
14275
The conjugates numbers of the interval €2, express a simple symmetry, they have a center of symmetry at the

middle 3-2" of the interval €2, . As a symmetry, the transpose of a symmetric odd number TT (IT=Q or IT=D

) can be expressed through the Octet of Odd Numbers. Starting from a symmetric number I, taking conjugate-
transpose or transpose-conjugate we return to the number IT. A geometric interpretation of "transpose” is given by
Proposition 7. "The conjugate” and "the transpose" are the fundamental symmetries that emerge from Theorem 1. By
using these symmetries we can find a set of symmetries of the natural numbers.

6. Quadruples and pairs of odd numbers.

From the Definition 7 of symmetric octets and Theorem 3, we have that every symmetric octet consists of two ordered
symmetric quadruples ® of the form

©®=(Q.Q+6,Q"-6,Q"), (46)
SO
®=(Q,Q+6,Q -6,Q,Q,,Q +6,Q,-6,Q;). (47)

Quadruples (47) are symmetric, in the sense that they belong to symmetric octets. The differences of the corresponding
numbers of two quadruples are the same. Thus we define the distance |h| of the quadruples of Equation (47) as

|h|:|Qz _Q1|' (48)
This equation also applies to all quadruplets, whether they belong to the same octet or not. If h =0, then the
symmetric octet consists of eight different numbers. If h =0, then it consists of four different numbers. Such a

quadruple is (45). In addition, if we use the equation Q + Q™ =3x2"" v € N, we take the asymmetric quadruple
(Q=3-2"-3,Q+6=3-2""+3Q -6=32""-3,Q"=3-2"" +3)

which consists of the pair

(3-21-3,3-2" +3). (49)

We prove the following.
Proposition 8.
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1. 1f v =1, the pairof QQ ., =€, is

(Q =9,D= 15).

2.1f v > 2, the pair of the interval € _; is of the form (U,V),
(U=38-2"-33-2""+3=V).

3. The pair of asymmetric (U,V ) produces the symmetric pair (9,15) for every v>2.
Proof. 1. If v =1, from Equation (49) we get

(3-2°-33-2°+3)=(9,15).

2. We have,

(3-2-3)-5=3.2""-8=8-(2"*~1)=8m,

(3-2+8)-3=3.2""=8-3-2"% =8m.
3. We have,
U=3.2""-3=2""2 42" 2V 42" 142" 24 2% 4 4211,
and from Equation (24) we get T (U ) =9 .. Similarly we get T (V) =15.
O

If Q=8m+1, meN, belongs to the interval Q, =[2"", 2"*?], v=3,4,5,....then Q, Q+6 belong to
the interval [2"**,3-2"] and their conjugates Q", Q" —6 belong to the interval [3-2",2""?]. Therefore, the
different octets of the interval Q2 are given by the inequality

2" +1<8m+1<3-2" +1
or equivalently

2"2<m<3.2"7°.
From this inequality we get

Q:8(2”‘2+k)+1, k=012,..,2"7°-1. (50)
where Q =Q, or Q=0Q,, Q,Q,€Q .

From Equation (50) we get the following.
Corollary 13.

Interval €, contains exactly 2"~ different symmetric quadruples.

Now let the odd numbers Q of the quadruple (46) with (left) symmetry L >4,
Q=2"-K+1, L>3, (51)
where K is an odd number. Taking into account that the quadruples (46) belong to the interval
[2”1 +1,3-2" +1) we have 2" +1<2" - K +1<3-2" +1 orequivalently 2" < K <3-2""" and finally
we obtain
K=2"t412"" 432" +5,.,3.2"" -1,

From this Equation we get

K=2"""41+21,1=0,12,...,27"" -1, v>L+1. (52)
From Equations (51) and (52) we obtain,
Q =2"(2"""+1+24)+1, L>3, v=L+1, 2=012,..,2"" -1, (53)

From Equation (53) it follows that if v > L+1, the interval €, contains exactly N = 2"" different symmetric

quadruples with symmetry L .
There are quadruples of odd numbers containing asymmetric numbers.
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Definition 8.
We define as asymmetric the quadruples

(UU+4U"-4U"), (VV+4V -4V7).

Numbers U +4 and V" —4 are of the form Q. Numbers U” —4 and V +4 are of form D . For the asymmetric
numbers U and V we have,

U—-0Q

and

V—-5D.

We now prove the following.
Proposition 9.
1. If one of the equations

U=2"-(Q+3)-3—>5T(Q)«—Q,
Vv=2" ‘(D—3)+3—>T T(D)(—)T D

is valid, then the other is also valid, n=0,1,2,....
2. If one of the equations

U'=2"(D-3)-3—5T((T(D)) )« >(T(D))"

V'=2"-(Q+3)+3— 5T ((T (Q))*);)(T (Q))*

is valid, then the other is also valid, n=0,1,2,....
Proof. We prove one of the combinations. The remaining combinations prove similarly. We assume that the third

Equation is valid, we put D = Q* and we get
V=2"(Q-3)+3—5T(Q")«>Q",

or equivalently, changing the symbolism,

T(2"(Q"-3)+3)=T(Q"). (54)
From Equation (6) it follows that if Q € Q,  then U e Qv+n . Thus, from Proposition 7 we get
T(U)=T(3-2""-U)-6

or equivalently

T(U)=T(3-2"""-2"-(Q+3)+3)-6

or equivalently

T(U)=T(2"-(3-2"-Q-3)+3)-6

or equivalently

T(U)=T(2"-(Q -3)+3)-6.

and with Equation (54) we get

T(U)=T(Q)-6

or equivalently, changing the symbolism,

U—5T(Q")-6

and considering Equation (46) for the quadruples of odd numbers (D —6 =Q, where D =T (Q*)) we obtain,
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U—15T(Q)-6+5T(Q)«>Q.

From Equations (46), (47) and (14) we get the following.
Proposition 10.

1. The numbers Q, and Q, = 3- 2" — 6—Q, of the interval Q belong to the same symmetric octet.

v+l

2. The numbers D, and D, =3-2"" +6— D, of the interval Q2 belong to the same symmetric octet.

From Proposition 10 we get the following.
Corollary 14.
A. 1. Half of the numbers in a symmetric octet have L/ R symmetry with value n =3, and the other half have

symmetry n > 3.
2. Ina symmetric octet, K takes four different values. These values are calculated from the equations Q —1=2"-K

for the odd numbers of form Q of the octet, and D—7 =2" - K for the odd numbers of form D .

B. 1. Half of the numbers in a quadruple have L /R symmetry with value n =3, and the other half have symmetry
n>3.

2. In a quadruple, K takes two different values. These values are calculated from the equations Q —1=2"-K for
the odd numbers of form Q of the octet, and D—7 = 2" - K for the odd numbers of form D.

7. Structural equations of the odd number transpose

In the list below we have the transposes of eight odd numbers. The list shows the structure of the odd numbers related
through the symmetry of the ‘transpose’.

List of characteristic transposes.

NeN,N2>3

U=2"-3—T51

Q=2"+1 152N _7
V=2N+3-—T57
U=2"+5-—T,2"_7
V=2N_5_T 0N g
D=2" 47152 +7
Q=2 -7« T 52"141

V =3-(2" +1)—>15
U=5(2"+1)—>2"*-23
D=7-(2" +1)« 12" +31

In the list the consequences of Theorem 8 for the asymmetric U and V are seen. Asymmetric U = 2" +5 has the
smallest possible difference of an asymmetric with its transpose,

2" +5-T (2" +5)=2"+5-(2" -7)=5-(-7)=12.
However, as a consequence of Theorem 8,

UeQ,,=[2"2""]and T(U)eQ, ,=[2""2"].
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We now give the two techniques for calculating the transposes of odd numbers of the form 2" —TT>1 and

2" +11, where IT is an odd number and N e N . With these techniques, Equations of the list of characteristic
transposes are calculated. From the list of characteristic transposes, we prove the following.

p iy LN L |
For 2" —7 we have the following sequence of equations
2N —T7=4.2"?%_7
2N —7=3.2"7 42877
2N 7 =Nt N N2 22

N 7 =Nt N2 +(2N-2 —1)—2—22
M7= 2NN (2NN 2N 1) - 227

N 7 =oNT N2 ON=3 | ON=4 L ON=5 4224241222

2N 7 =N N2 NS N ON=S L 42221

and from Equation (22) we obtain

T(2"-7)=—(1+2+2° 4.+ 2V ° 2" 22V 1) =2ty
We now prove the following.

2N+ 72N +7

For 2V +7 we have the following sequence of equations

2N+ 7=2"+1+2°+2

M7= (2NN N N 22 2-1) 4 2% 42

2Ny 7=2N 4Nt NE NS N 2% 2142742
2N 7 =2 g N NP N N 224241

and from Equation (20) we obtain

T(2"+7)=2"+7.

Combining the list of characteristic transposes with Theorem 9 we obtain a set of structural equations for the odd
number transpose. We give four such combinations.

For
A=2N 7 =Ny N2 N B DN NS 42221, N >4,
we have v =N -2 and g, = B, = B, =...= B,_, = +1. Thus from Equation (42) we get

20



T (2N _7_2k+1)_-|- (2N _7) _ 2(N—2)+2—k
and with the equation T (2N —7) =2"" 11 we get
T(2"-7-2")=2"*+2""+1,k=234,..,N-3. (55)
We have f3, = —1. Thus from Equations (42) and T (2N —7) =2""+1 we get
T(2"-7+2%)—(2"  +1) =29
or equivalently T (2N —3) =1.
Working similarly, from
A=2"47=2" Nt N _NB Nt 224241, N >4,

A=2V7 1= 4N 4N 4 4224241, N >4,

A=2" 3= 42" 2 2" 4 422421, N >4,
we obtain the following equations.

T(2N +7+2“)=2“ +7+2" k=234, N-2, (56)
T(z“ —1—2“): 2N 1-2"* k=12,3..N-3, (57)
T(2N—3—2k”)=2N’k+1, k=123,..N-3. (58)

8. The sequences A(N) and B(N)

Proposition 5 and Corollaries 10, 11, 12 give the dependence of the symmetry L /R of the product TLIT, on the

symmetry of I, and II,. Of all the possible forms that the factors of the sequences

A(N):2N +1
and
B(N)=2N -1

can have, one form they always, necessarily, take is the form of the factors of Corollary 2. This has consequences for
the factors of the sequences A(N) and B(N), some of which we will see next.

Theorem 10.

The sequences A(N) and B(N) have no common factor.

N+1

Proof. The theorem is a consequence of equation A(N)+B(N)=2"".
O
We present two Theorems for the sequences A(N) and B(N ). The extremely large amount of information

contained in Proposition 5 and Corollaries 9, 10, 11 makes their proof difficult. Thus, out of the total of 12 Theorems
we have presented so far on the symmetries of odd numbers, two of them, Theorems 11 and 12, have not been fully
proven.

Theorem 11.

1. If N isan odd number, then the prime factors of sequence A(N ) =2" +1 are either of form Q or of form V .

2.1f N #1 is an odd number, then the sequence B(N)=2" —1 has no prime asymmetric factors,
Theorem 12.
1.1f P>5 isaprime factor of A(N)=2"+1, NeN’, then P—1 and N have at least one common factor.

2.1f P isa prime factor of B(N)=2" -1, N eN', then P—1 and N have at least one common factor.
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From Theorem 11 and Proposition 5 we get the following.
Corollary 15.

1.1f N #1 is an odd number, then the sequence A(N )= 2" +1 has an even number of prime factors of the form
V.

2.1f N #1 is an odd number, then the sequence B(N)=2" —1 has no asymmetric factors.

3.1f N is an odd number, then the sequences A(N)=2"+1and B(N)= 2" —1 have no factors of the form U

We now prove the following.
Proposition 11.
If q is aprime odd number, then the following holds.

1. All prime factors P >5 of A(q)=2"+1 are of the form P =2"-kq+1 (equivalentto P—1=2"-kq), where
k is an odd numberand me N".
2. All prime factors P of B(q) =2%-1 areoftheform P=2"-kq+1 (equivalentto P—-1=2"-kq), where k

is an odd number and me N”.
Proof. We prove 1. The proof of 2 is similar. From Theorem 12 we get that if P >5 is a prime factor of

A(q) =2%+1 then P —1 has at least one common factor with ¢, and since  is prime number P —1 has a factor
the Q. Taking into account that P —1 is an even number we get P —1=2"-kq, where k is an odd number and
meN".

From Proposition 11 we get the following.

Corollary 16.
1. If q is a prime number, then

A(q)=2" +1=3-ﬁ(2“' ka+1),
i=1

where k; isan odd number and N, N, € N.
2. If q is a prime number, then

B(q) = 2" —1=f[(2zi Lg+1),

where |, is an odd numberandZ,Z, e N".

We prove the following, for the form of the sequences A(N) and B(N) given by Corollary 2.

Proposition 12.
1. If TT#1 is an composite odd number, then in Equation

A(IT)=2" +1=(2"- K, +1)(2" - K, +1)

, the odd numbers K, and K, cannot have a common factor.
2. If IT#1 is an composite odd number, then in Equation
B(IT)=2"-1=(2"-K, +1)(2" K, -1)

, the odd numbers K, and K, cannot have a common factor.

Proof. We prove 1. 2 is proved similarly. If K, =ka and K, =k,a, where a=#1, k , k, are odd numbers, we
have

A(mT) =2" +1=(2"-ka+1)(2" -ka+1)
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or equivalent

2" =2 kk,a’+2"-ka+2"-k,a
or equivalent

2" =2-a(2" -kk,a+k +k,).

This equation is impossible, since 2" cannot have the odd number a #1 as a factor.

From Theorem 12 and Proposition 12 we get the following.
Corollary 17.

Let IT be a composite odd number and

A(TT)=2" +1,

B(IT)=2"-1.

A(IT) and B(IT) have prime factors P >5 for which P—1 has at least one common factor with TT, while it
does not have IT itself as a factor.

From Corollary 17 we conclude that there are prime factors P >5 of A(IT)=2" +1 and B(IT)=2" —1 which

give the factors of IT.

We now give two examples.
Example 10.
For N=77=7-11 we have

A( N ) =2 +1=3.43.617-683-78233- 35532364099
N =7-11 is an odd number. As Corollary 15 predicts, A(77) has an even number of prime asymmetric factors of
the form V , namely 3, 43, 683, 35532364099 . As Theorem 11 predicts, the other two factors 617 and 78233
of A(77) are of form Q.
Additional, as provided for by Corollary 17, for the prime factors of A(7-11) we have
43-1=2-3-7,
617-1=2.7-11,
683-1=2-11-31,
78233-1=2°.7-11.127,
35532364099 -1=2-3-7-11-229-263-1277 .
Factor 7 of I1=7-11 appears in the first, second, fourth, and fifth equations. The factor 11 of I[1=7-11 appears
in the second, third, fourth, and fifth equations. In the first equation, only 7 appears, and in the third only 11.
N =7-11 itself appears in the second, fourth, and fifth equations.

For B(N) we have

B ( N ) =2 —1=23.89.127-581283643249112959.
N =7-11 is an odd number. As Corollary 15 predicts, B(7~11) has no asymmetric factors. Indeed, 23 =D,
89=Q, 127 = D, are symmetric numbers, as are all their possible products, as a consequence of Proposition 5.

Additional, as provided for by Corollary 17, for the prime factors of B(7-11) we have
23-1=2-11,

89-1=2°.11,

127-1=2-3".7,

581283643249112959 —-1=2-3*-7-11-31-13528921548413.
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Factor 11 of N =7-11 appears in the first two equations. The factor 7 of N =7-11 appears in the third equation.
In the fourth equation N =7-11 itself appears.

As Corollary 15 predicts, none of the factors of sequences A(77) and B(77), prime or composite, are of the

form U .
Example 11.
For the prime number 97 we have

A(97)=2" +1=3-(2-5.97+1)(2"-97+1)(2°-41-97 +1) (2 -1418 654662 84134597 +1)
and
B(97)=2" —1=(2'-59-97 +1)(2°-17838411386376914491967 - 97 +1) , as predicted by Corollary 16.

9. The K numbers.

We now give the following definition.
Definition 9.

We define as “the K numbers” of an odd number IT> 7 the odd numbers K,, K, , K;, K, given by the equations
M-1=2"%-K

11

Mm-3=2".K,,
Mm-5=2"-K,,
m-7=2%.K

4’
where N,,N,,N,,N, e N".

From Definition 9 we get the following.
Corollary 18.
1. Each of the numbers Q #1,V #3, U #5, D # 7 iswritten in the following four forms.

Q=2"-K,+1=2-K,+3=2"-K,+5=2-K, +7
V=2-K+1=2"-K,+3=2-K,+5=2°-K, +7
U=2"-K +1=2-K,+3=2"-K,+5=2-K, +7
D=2-K +1=2%-K,+3=2-K,+5=2"-K, +7
neN,n>3

2. For the same value of n, Q,V, U, D are consecutive odd numbers.

We prove the following.
Theorem 13.

1. It is impossible for two different odd numbers of the form Q to have K, or K, or K, equal.
2. It is impossible for two different odd numbers of the form V to have K, or K, or K, equal.
3. Itis impossible for two different odd numbers of the form U to have K, or K, or K, equal.
4. 1t is impossible for two different odd numbers of the form D to have K, or K, or K, equal.
Proof. We prove the Theorem for odd numbers of form Q . The proof for odd numbers of form V, U ,and D is
similar. If Q, # Q, , then Corollary 19 implies that Q, and Q, cannot have any of K,, K., K, in common. Indeed,
suppose that Q, and Q, have the same K,. In this case we have Q, = 2K, +1=0Q, which is impossible since

Q, # Q, . We arrive at the same conclusion if we assume that Q, and Q, have equal K, or K, .
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From Theorem 13 the following follows.

Corollary 19.

1. Two different odd numbers of form Q , from K, K,, K,, K,, can have only the K, in common (having different
N, >3).

2. Two different odd numbers of form V , from K, K, , K,, K,, can have only the K, in common (having different
N, >3).

3. Two different odd numbers of form U , from K., K,, K,, K,, can have only the K, in common (having different
N, >3).

4. Two different odd numbers of form D, from K., K,, K,, K,, can have only the K, in common (having different
N, >3).

Corollary 20.

1. The K numbers of A(N)=2" +1 are as follows.

K, =1

K,=2""-1

K,=2"7%-1

K,=2""-3

2. The K numbers of B(N)=2" —1 are as follows.

K,=2""-1

K,=2""%-1

K,=2""-3

K,=2""-1

For the numbers K’ of the factors a, of K, j=1,2,3,4, we follow the following symbolism.
a,—1=2" K/ (a)=2" K/
K, (aj ) =2". K3,
a,-5=2" K/ (a,)=2" K
'K;4(aj):2MA
M, M, MM, eN", j=12,34

The odd number K in Proposition 3 plays an important role in the structure of an odd number. This is clearly seen
in the structure of the factors of Fermat numbers [1 - 5]. Below we will see that in the structure of an odd number all

of K., K,, K, and K, playarole, and not just K of Proposition 3, which is one of them.

a, —3=2".

K!

j4

aj—7:2Ml

10. An algorithm for factoring odd numbers

In this Section we apply the theory we presented to the factorization of odd numbers. The well-known factorization
tests aim at finding the factors of an integer [6 - 11]. The algorithm for factoring an odd number IT that arises from
the symmetries of the natural numbers aims at finding an octet of odd numbers to which a factor of IT belongs. We
present the steps of algorithm.

Step 1. Calculate K., K,, K,, K, of the odd number IT.
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Step 2. Calculate the numbers K' of factors of K, K,, K, and K, (orof K , K,, K,, K, themselves). At least

one factor of K’ belongs to the same octet as a factor of IT . Thus, from factors of K, K,, K, K, we find factors

of IT.
We give two examples.
Example 12.
For the odd number IT = 46793 we have

IM-1=2°.5849
T-3=2.5.4679
M-5=22.3.7.557

I[1-7=2-149.157
therefore we have
K, =5849

K, =5-4679

K,=3-7-557"

K, =149-157

From the factor 5849 of K, we get 5849-3=2-37-79=2-K/,.
From the factor 4679 of K, we get 4679—7=2°.73=2°.K,,.
From the factor 149 of K, we get 149-3=2-73=2-K_,.

Factors 79 of K/, =37-79, 73 of K}, =73 and 73 of K, =73 give the octet to which the factor 73 of
I1=46793=73-641 belongs.

79 <« 103 <> 89 «'—» 73

113 «—> 97 «*>» 95 1> 119

Every odd number, symmetric or asymmetric, belongs to its octet. This explains the appearance of the factor 73 of
I1=73-641 in K}, and K.

Example 13.

For the fifth Fermat number F, = 2* +1 we have

F-1=2%.1

F, —3=2-2147483647
F,—5=2%.3%.7-11.31.151.331
F,—7=2-5-19-22605091

therefore we have

K, =1

K, = 2147483647
K,=3"-7-11.31-151-331

K, =5-19-22605091

From the factor 3-7-31-151-331 of K, we get
3.7-31-151-331-1=2-47-535-647 = 2- K.
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The factors 535 and 647 of K, =47-535-647 give the octet to which the factor 641 of F, = 641-6700417
belongs (refer to Example 8).

In the case where TT has an asymmetric factor, V or U, there is a possibility that the algorithm will find a
symmetric number of the octet produced by the asymmetric factor of IT (and not the asymmetric factor V. or U of

IT itself). In this case the asymmetric factor of IT is found by Proposition 9. We give an example.
Example 13.

For the odd number IT =1413787987 = 211-6700417 we have
IM-1=2"-3*.13-19-105997

Im-3=2%.7%.31.58171

I1-5=2%.37-19105243

[M-7=2"-3.5-11-607-3529
therefore we have

K, =3°-13-19-105997

K, =7°-31-58171

K, =37-19105243

K, =3-5-11-607-3529

From the factor 13-19 of K, we get 3-19-1=2-3-41=2K], .

From the factor 7-58171 of K, we get 7-58171-7=3-5-49.277=2-K_,.

From the factor 19105243 of K, we get 19105243 -3 =2°.7.55.6203=2°-K,.

From the factor 3-5-11 of K, we get 3-5-11-1=2"-41=2*.K/ .
Factor 41 of K/ =3-41, factor 49 of K}, =3-5-49-277, factor 55 of K;, =7-55-6203, and factor 41 of
K,, = 41 belong to the octet produced by the asymmetric factor 211 =V of IT=211-6700417 .

211 173
7 7
47 15 55 <5 41 <5 4
* $ 3*

49 15 49 I 47 <> 55

The asymmetric factor V =211 of I1=211-6700417 is found by the symmetric number D =55 of octet, by
Proposition 9.

2°.(55+3)-3=211

For a given odd number IT, the efficiency of the algorithm depends on two factors. The first factor concerns the
possibility of factoring the numbers K and K'. In order to run the algorithm, knowledge of these factors is required.
The numbers K or K’ that are factored by Algebraic Identities accelerate the application of the algorithm. The
numbers K or K' that are not factored by ldentities can be factored by applying the algorithm to K or K’

themselves. However, in the application of the algorithm, not all factors of K and K’ contribute. Thus, the algorithm
can be applied even in cases where we do not have a complete factorization of them. The second factor concerns the

number of factors of K and K'. This number determines the number of tests required to complete the algorithm. As

the value of TT increases, the number of factors of K and K’ and therefore the number of tests required to complete
the algorithm, can either increase or decrease.

For the Fermat numbers F ,
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F,=A(2°)=2" +1, SeN,

we have N = 2° in 1 of Corollary 20. Thus we get

K, =1
K,=2""-1
K,=2"7%-1
K,=22"-3

If the odd number 2° —1 in K, is not prime, the factors of K, are found by Algebraic Identities. The number 2° -2

in K, is even, therefore the factors of K, are found by Algebraic Identities.
For the Mersenne numbers

B(P) =21,

where P is a prime number, we have N = P in 2 of Corollary 20. Thus, we get
K, = 211

K,=27-1

K,=2""-3

K,=2"°-1

The number P —1 in K, is even, so the factors of K, are found by Algebraic Identities. If the odd number P —2 is
not prime, the factors of K, are found by Algebraic Identities. The number P —3 in K, is even, so the factors of

K, are found by Algebraic Identities.

For odd numbers IT of a specific form, such as the Fermat and Mersenne numbers, the numbers K are determined
which can be factored by Algebraic Identities. These numbers speed up the factorization algorithm of IT.
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