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Preface

Even a cursory reading of Hegel’s works is sufficient to convince one that the categories of
quality and quantity, the concepts of space, time, place are basic to the system. In contrast
with Aristotle and Kant, Hegel’s speculative logic exhibits a presuppositionless derivation of
the categories. Hegel regards his categories, concepts and notions not as completed and
frozen. For him, the categories must be derived, not from presupposed forms of judgement, or
from our presuppositions, but from what he calls the sheer ‘simplicity of thinking’, from the

indeterminate being of thought and from the indeterminate thought of being.

Hegel’s categories of quality and quantity, in particular ‘qualitative quantity’ in relation with
his concepts of space, time, place are subject to which much attention has not been paid by

Hegel’s expositors and commentators and yet the importance of it cannot be denied.

(Haldar,1932).

Topological reading of ‘qualitative quantity’ within Hegel’s fourfold (manifold) of
multiplicity is subject that lack attention at all from Hegel’s commentators. This conceptual
gap, ontological, epistemological, phenomenological is widening within the ‘linguistic turn’,
‘spatial turn’ or ‘topological turn’ and emerging topological approaches to various fields of
social science and their need for deep conceptualization based on the philosophical categories,
notions and concepts. As Richard Ek establishes in Theorizing the Earth (2010), “The spatial
turn is actually a ‘philosophical turn’ repackaged and promoted as a fundamental concern

with question of space, place and polity in the social sciences and humanities.” (Ek, Richard,

Mekonnen, T. 2010:49-66)

John WP Phillips, who critically examines the recent arguments asserting a ‘topological turn’
in culture, the range of topologically informed interventions in social and cultural theory,
remarkes in his paper On Topology (2013), that such contemporary fashionable notions of
‘topological approaches’ and ‘becoming topological of culture’ “demands a greater critical

reflection than the notion of a ‘topological turn’ suggests.”

! Phillips, John WP. (2013), On Topology, Theory, Culture and Society, 9/2013; 30(5):122-152:
http://www.researchgate.net/profile/John_Phillips20/publications [accessed Mar 21, 2015].



http://www.researchgate.net/profile/John_Phillips20/publications

| believe that such demand of critical reflection shall be based on Hegel’s categories of logic,
notions and concept, and following my assertion that ‘topological’ in intuitively presented by
Hegel in his logic, dialectic and method, with the present thesis | argue how Hegel’s
categories of qualitative and quantitative, the concept of space, time and place can provide
contemporary researcher with the power and methodology of such a greater critical reflection,
and ability to readdress in the new and enhanced mode the variety of these toplogical
approaches. The methodology of an applied philosophical topology shall be based on the

topological re-reading of Hegel and topological hermeneutics.

The main objective of the present thesis is to demonstrate how Hegel’s categories, concepts,
language, syntax and semantics, his use of rethorical power exibit topological notions and

thus the reading of topological (in) Hegel is open for conceptualization.

Perhaps it would not be an exaggeration to say that there is no system of thought more
intimately bound up with one fundamental principle than is the system of Hegel. My assertion
with the present thesis is that topological reading of Hegel reviels true topological system,
thus there are reasonable grounds for us to see the doctrine of Hegel, in particular his Science

of Logic and Philosophy of Nature as Hegel’s Analysis Situs.

A correct interpretation of Hegel’s system depends upon a thorough comprehension of the
categories of quality and quantity, the concepts of space, time, and place. If these categories
and concepts are neglected, the system must remain a sealed book. The aim of the present
thesis is to unseal the topological character of Hegel’s though, that influenced the formation
and presence of topological thinking within the tradition of later continental philosophy and

directs toward the horizon of new philosophical topology.

The concern of the present thesis is to set forth topological reading and interpretation of such
categories as quality and quantiny, in particular the qualitative quantity within Hegel’s forfold
of multiplicity and such concepts as space, time, place, to emphasize on the importance of
topological (in) Hegel for a theory of knowledge, and, in the light of it, and to give some

insight toward the current philosophical topology.



The aim of the thesis is to critically examine whether it is methodologically possible to
combine mathematical rigor — topology with a systematic dialectical methodology in Hegel,
and if so, to provide as result of my interpretation the outline of Hegel’s Analysis Situs, also
with the proposed models (build on the topological manifold, cobordism, topological data
analysis, persistent homology, simplicial complexes and graph theory, to provide an
indication of how the merger of Hegel’s dialectical logic and topology may be instrumental to
a systematic logician and of how a systematic dialectical logic perspective may help

mathematical model builders.



Abstract

The present study is interdisciplinary, involving the interrelations between philosophy and
topology, where topology is understood in both meanings as mathematical discipline and
rhetorical notions, and culminating to what | regard as topological philosophy or
philosophical topology, based in particular on Hegel’s notion of multiplicity, implemented in
his logic unfolding the true topological fourfold of infinities, where qualitative and
quantitative, spatial and temporal, as well as rhetorical notions such as the four basic tropes of
rhetoric: ‘metaphor’, ‘metonymy’, ‘synecdoche’, ‘ironi’ are presented in Hegel’s manifold
(Mannigfaltigkeit) of infinities, quality and quantity, time and space. Not only these four
basic tropes of rhetoric are equally presented in Hegel’s philosophical narratives, but also the
emphasis is on the metonymy seen as metonymy of metonymy or ‘metalepsis’, is strongly

presented in Hegel’s logic, in particular in his ‘topological’ notion of Qualitative quantity.

The study investigate in particular the categories of ‘quality’, ‘quantity’ and ‘measures’ within
the notions of ‘multiplicity in Hegel’s dialectical logic, with an emphasis on the topological
notion of qualitative quantity - the category that remained ‘inapparent’ within the well know
dialectics of transformation of quality to quality, where the new quality appears as leap (nodal
line) exhibiting abrupt changes and discontinuous transformation leading to the new measure.
The exhibit form of Hegel’s qulitative quantity is related with continuous changes and
smooth, gradual, topological transformations. The gradualness of such transformations
demonstrates topological homeomorphism as exhibit form of the category of qualitative
quantity, which can be successfully implemented in mathematical, indeed topological models
and methods, such as topological manifold, cobordism, topological data analysis, persistent

homology, simplicial complexes and graph theory.

The topological notions of multiplicity in Hegel’s fourfold of infinities is discussed: (1) the
bad qualitative infinity; (2) the good qualitative infinity; (3) the bad quantitative infinity; (4)
the good quantitative infinity, related with the fourfold interplay of the two pair of Ancient
Greek categories of ‘time’ and ‘space’ as fourfold constructed of ‘Chronos’ and ‘Kairos’,
‘Chora’ and ‘Topos’ as follow: (1) chronochora, chronotopos, kairochora and kairotopos -
where the four categorical models implements the following: ‘quantitative quantity’ —

‘quantitative quality’ - ‘qualitative quantity’ — ‘qualitative quality’. The claim supported is

10



that ‘quality’ is in the core of ‘quantitative infinity’, ‘infinity’ is a quality of quantity —

‘Qualitative quantity’.

There is homology between Hegel’s fourfold of infinities (multiplicity) and the fourfold of
Hegel’s judgments (Judgment of Existence; Judgment of Reflection; Judgment of Necessity;
Judgment of the Notion). The true topological character of Hegel’s logic is revealed as
coherence between Hegel’s fourfold of infinities (multiplicity) and the fourfold of Hegel’s
judgments, between method and subject matter, and this topological character is presented in
Hegel through the double negation, where the Understanding and its negation, Dialectical
Reason, and the Negation of the Negation — Speculative Reason, can be seen in the fourfold
of Hegel’s judgments. In the very last chapter of Hegel’s Science of Logic, method and

subject matter supposedly conjoin.  (Carlson 2005).

Following William Lawvere’s assertion (Lawvere, 1996) * that a significant fraction of
Hegel’s Logic can be modeled mathematically through the use of “cylinders” (diagrams of
shape A) in a category, wherein the two identical subobjects (united by the third map in the
diagram) are “opposite”.about the use of “cylinders” (diagrams of shape A), my interpretation
of Hegel’s Objective Logic offer methodological modeling of the categories, based on
cylinders - the ‘cobordism’, and on the shape A - the ‘simplicial complex’ (simplicial

complexes).

Hegel’s fourfold of infinities is build on the fourfold of quality and quantity ratio — the
notions and ratios of quantitative quantity; quantitative quality; qualitative quantity;
qualitative quality. The fourfold of the qualitative and quantitative ratios, relate to the fourfold
of the measure. All measures are ratios of two other measures. Measure is twofold, divided
into two—the external and the internal measure. This is the dialectical real of the real
measure. Measure is the unity of quality and quantity, yet in the center of the series of
measures is a master signifier that organizes everything, even while escaping measurement.

This ‘master signifier’, the empty center between quality and quantity is like the hole of the

2 David Gray Carlson, 2005, Why Are There Four Hegelian Judgments?, p.114:125, in Hegel’s theory of the
subjects, David G. Carlson, ed. 2005, Palgrave Macmillan 2005

® F. William Lawvere, 1996, Unity and identity of opposites in calculus and physics, Applied Categorical
Structures, June 1996, Volume 4, Issue 2, pp 167-174
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torus, the nothing, the void, and Hegel names it ‘substrate.” The substrate is discontinuous
within the series of measure and continuous at the same time. The substrate is what Hegel
calls a true infinity. Substrate can be organized in a series of measures. Substrate is abstract
measureless. What is important to see at this point in relation to measure is entailed in a
duality between the nodal relation of quantity and quality, on the one side, and substrate, on
the other side. The first side is measure as such—quantity and quality. The second side—the

substrate—is something deeper than quantity and quality.

The model of Cobordism (Rene Thom) is proposed as topological model of Hegel’s fourfold
of infinities within his concept of multiplicity. For Hegel multiplicity means the quantification
of quality and the qualification of quantity, multiplicity of the double-entendre implemented
in the inevitable double-meaning of Qualitative quantity. For Hegel, the inability to read
history as two-sided, as both continuous and discrete, to co-board between, into, within this
twofold, to see beings as double, as both qualitative and quantitative, is the road to the
destruction of spirit. Trough the ‘Topological’, Hegel’s logic and dialectics are seen in the
current. Today, it is Hegel who give us the true, current, topological reply on the question -

What does it mean to think multiplicity as both quality and quantity?

Topological is subject to philosophical® systematization, as well as the philosophical is
subject to topological (mathematical) formalization. In the development of philosophy and
mathematics (mathematical and philosophical Mind) there is mathesis universalis and some
"problematic situations” that have a common “categorial” structure to study them and the
"method” of the study can not be other than "mathematical (topological) modeling™ or
"explication” of philosophical "categories™ and together with it — categorial (philosophical)
"interpretation” of the mathematical (topological) "structures”. Philosophical-topological
(mathematical) Mind and mathematical (topological)-philosophical Mind have one and the
same "subject”, to whom study apply with the two "polar-opposite” of its "form" methods, or
studying the same "subject" in the two polar-opposite "forms" through "method"”, which is

inherently "the same".

4 ontological, epistemological, logical, dialectical, hermeneutical, linguistic, psychological,
ethical, anthropological, sociological, semiotic, legal, economical and etc.

12



Novel ‘topological’ reading of Hegel’s notions of spatial and temporal, qualitative and
quantitative, is proposed as fundamental in re-thinking of the evolution of hierarchical

systems.

The evolution of hierarchical systems is approached topologically as specific ‘problem
situation’ for mathematical and philosophical mind, in the term of Philosophical Analisis
Situs, where philosophical aspect is present through the categories of Hegel’s multiplicity —
the dialectics and logic of ‘qualitative’ and ‘quantitative’, spatial and temporal, and
mathematical aspect is presented through the models, such as Cantor Set, logistic map,

bifurcation diagrams and topological notion of Cobordism.

In addition to the Hierarchical (vertical evolution) relations, an emphasis on the topological
notion of qualitative quantity in Hegel, reveals the role of Heterarchy and heteronomy in
Evolution (horizontal evolution), since the exhibit form of Qualitative quantity is related with
continuous changes and smooth, gradual, topological transformations. The gradualness of
such transformations demonstrates topological homeomorphism as exhibit form of the
category of Qualitative quantity, which could be successfully implemented in mathematical,

indeed topological models and methods.

Hegel’s notions of manifold presented in the model of Rene Thom’s cobordism is discussed
and implemented through the logistic map of Feigenbaum bifurcation Diagram accepted as

universal scenario of development, change and evolution.

The proposed outcome demonstrate that within the interval of chaos, marked in the
Feigenbaum Diagram, where the parameter ‘a’ increase over the value of 3.0 in the higher
octaves of 4.33 , the ‘voices’ of Hegel and Cantor are present within the region of chaos
known as Cantor dust. In the zone of chaos and Cantor dust, Hegel’s multiplicity and four
measures works in progress and logic breaths the thin air of being retrieving itself in
metaphysic. Beyond the octaves of the values 4.33 in Feigenbaum bifurcation Diagram,
within the chaos, there are the heads of Canto comets or the divergence diagrams,
where can be found the seeds of the new orders and multiplicity (manifolds) of new
bifurcations and Feigenbaum diagrams. The visible ‘white’ corridors of homeostasis are

windows open for new hierarchies of order and possibilities of development. Based on the

13



said proposition, the focus of the present paper is on the evolutionary scenario, where in
addition to the currently accepted paradigm of hierarchy of evolutionary systems where the
core of representation is through the phylogenetic tree structure (vertical evolution), the
thesis of reticulate (horizontal evolution) is asserted and discussed as exhibiting the

heterarchy and heteronomy of evolutionary systems.

The standard evolutionary representation, the phylogenetic tree, and the notion of hierarchy of
evolutionary systems, faithfully represents the vertical evolution, but cannot capture
horizontal, or reticulate, events, which occur when distinct clades merge together to form a
new hybrid lineage. Both hierarchy and heterarchy of the tree structure and the structure of
reticulate events could be mathematically investigated, modeled and represented through the
field of algebraic topology known as Topological Data Analysis, where the primary
mathematical tool considered is a homology theory for point-cloud data sets—persistent
homology—and a novel representation of this algebraic characterization— simplicial complex

and barcodes.

The persistent homology in evolution, which characterizes global properties of a geometric
object that are invariant to continuous deformation, such as stretching or bending without
tearing or gluing any single part of it, and the properties that includes such notions
as connectedness, is the current method of implementation of Hegel’ topological logic of

multiplicity and Qualitative quantity.

14



Introduction

Back in 1989, as a Research Associate at Institute for Philosophical Research at Bulgarian
Academy of Science, I have established Hegel’s category and notion of ‘qualitative quantity’
(Dimitrov, 1989a) as vocamen of my research interests in philosophy, in particular within the
area that can be defined as philosophical topology. With my first publications (Dimitrov,
1989, Dimitrov, 1990), applicable to ‘dialectics and the problem of novelty’, I introduced the
claim about the topological notion of Hegel’s category of ‘qualitative quantity’, where
‘topological’ implies gradual transformation and continuous change without leap or abrupt

changes, thus exhibit form of this category is topological homeomorphism.

| have supported my argument about topological homeomorphism as exhibit form of Hegel’s
Qualitative quantity with exploration of D'Arcy W. Thompson’s “Growth and Form” (1917),
and Hermann Haken (Haken, 1983) discussion on D'Arcy W. Thompson’s transformation,
concluding that Haken’s finding of structural stability and homology exhibited by such

transformation of the forms, explicitly state the notion of qualitative quantity.

In his book ‘“Synergetics: Introduction and Advanced Topics”, 41 in the Chapter 1.13.
“Qualitative Changes: General approach”, Hermann Haken explores and illustrate the
structural stability with an example /figure 1.13, p.434 in Haken/ given by the Scottish
biologist, mathematician and classics scholar D'Arcy W. Thompson, the author of the book,
On Growth and Form, /1917/. My assertion is that Hegel’s category of qualitative quantity is
illustrated with Herman Haken’s citation of D'Arcy W. Thompson.

Homology is related with the works of D'Arch Thompson, especially his “On Growth and
Form” (1917). In the last chapter of “On Growth and Form”, D'Arcy Thompson's illustrates
his "cartesian transformations” of animal forms. Thompson's mappings are referred to as
"rubber sheet" mappings. D'Arch Thompson suggested that one should study the change from
one biological form to another by examining the unique mathematical object that maps

between them in accord with biological homologies.

The example illustrated this transformation actually is a good example of homeomorphism.

Two objects are homeomorphic if they can be transformed /or deformed/ into each other by a

15



continuous inverible mapping, continuous one-to-one and having continuous inverse. The two
fish are two objects with the same topological properties. They are said to be homeomorphic.

There are properties that are not destroyed by stretching and distorting an object.

The claim | made with my first two publications (Dimitrov, 1989, Dimitrov, 1990),
contradicted the well established, until the time of ‘persetroika’, paradigm of dialectical
materialism, the paradigm that follow from Engels’s “law” for the transformation of quantity
into quality and vice versa, states that continuous quantitative development results in

qualitative "leaps™ in nature whereby a completely new form or entity is produced.

In Anti-Diihring, Engels® (Engels, 1954:67) identifies his assertion with Hegel’s example of
the boiling or freezing of water at specific temperatures, qualitative (discontinuous) leaps
arising from quantitative (continuous) changes. °® (Hegel, G.W.F. 1842: 217) Engels’s
“dialectics” of quality and quantity presented in his Anti-Duhring, became the founding text
of dialectical materialism and orthodox for the Marxism. Until the present time there are
political consequences related to the problem of Engels’s appropriation of Hegel’s Science of
Logic. For both Marx and Engels (1848), the “law” of transformation of quantity into quality
was the central key to the change from one mode of production to another. Dialectical
materialism approach sees history as unfolding in qualitatively distinct stages such as ancient
slavery, feudalism, and capitalism. (Barkley Rosser, J.,Jr., 1998/2000:5) Engels (1940, pp. 18-
19)" confronted the contradiction between the apparently simultaneous acceptance of
discontinuity arising from the idea of qualitative leaps and of continuity arising from the

‘fuzziness’ implied by the interpenetration of opposites in the dialectical approach.

Although Engels’s discussion in The Dialectics of Nature was reasonably current with regard
to science for the time of its writing (the 1870s and early 1880s), much of its content is seen

to be scientifically inaccurate by today’s standards, and many of its examples thus hopelessly

muddled and wrongheaded. (Barkley Rosser, J.,Jr., 1998/2000:5)

® Engels, F. 1954. Anti-Diihring: Herr Eugen Diihring’s Revolution in Science, Moscow, Foreign Languages
Publishing House

® Hegel, G.W.F. 1842. Enzyclopadie der Philosophischen Wissenschaften im Grundrisse, Part 1, Logik, Vol. VI,
Berlin, Duncken und Humblot - 1842, p. 217

" Engels, F. 1940. The Dialectics of Nature, New York, International Publishers, 1940, p.18-19)
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In contrast, Hegel’s though and writing does not suffer the distance of time and appear
scientifically accurate to the subject of contemporary topology as specific discipline of
modern mathematics, although topology was just emerging in her protophenomenal form

from Euler and Leibniz during Hegel’s time.

Engels’s law of transformation and the passage of quantitative changes into qualitative
changes, as all of his three laws of dialectics become cliché in the mode of thinking of quality
and quantity. These three principles established by Engels are not only oversimplified, but
also misleading at best, establishing something quite self-evident, trivial and common. The
notion of gradualness and gradual changes were criticized from the standing point of
dialectical materialism as not leading to turning point and new quality, thus the new quality
and qualitative change may appear in the new measure only through abrupt changes and
qualitative leap. Due to this assumption, the notion of Qualitative quantity in Hegel’s
dialectics, remained inapparent. The attempt of dialectical materialism to separate the concept
of quantity-quality transformations from the historicist system of Hegel, falls apart. (Coombs,
2013:29) and the attempts in classical Marxism to conceptualize a novelty-bearing event out

of Hegelian dialectics necessarily reach an impasse. (Coombs, 2013:29).

Hegel’s dialectics of qualitative and quantitative demonstrates two notions. The first is related
with Hegel’s determined quality, where discontinuous transformation implies and change
occurs through a leap. The second notion is the topological notion of qualitative quantity,
where gradual and continuous transformation implies and change is topological. The exhibit
form of the qualitative quantity is topological continuous transformation without leap or

abrupt displacements in the equilibrium.

These two notions of Hegel’s qualitative and quantitative dialectics can be revealed through
the catastrophe theory and chaos theory. The word catastrophe comes from Greek tragic
drama and refers to the sudden twist of development in the plots. The catastrophe is related
with the rhetorical figure of ‘metalepsis’. Catastrophe theory is a method for describing the
evolution of forms in nature and it is particularly applicable where gradually changing forces
produce sudden effects. Catastrophe theory is interdisciplinary in character linking

mathematics, biology, social sciences and philosophy. Catastrophe theory is represented by
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using topology since one of the central concerns of topology is to study the properties of
spaces that do not change under a continuous transformation, that is, translation, rotation and

stretching without tearing.

The catastrophe theory will be applied as moments of catastrophe by overlapping two

opposing situations as a twist in the narrative, and the physical fold on the surface.

Linking mathematical definition of catastrophe models, such as the dynamic and static forms
with the two notions of Hegel’s dialectic of qualitative and quantitative, we could associate
Hegel’s dialectic of quanity and qualitative quantity with the structural stability, where a
model is structurally stable if its qualitative behaviour is unchanged by small perturbations of
the parameters, and with structural stability, where a model is structurally stable if its
qualitative behaviour is unchanged by small perturbations of the parameters. Hegel’s dialectic
of quantity and determined quality can be associated with the catastrophe, where a sudden

change in state is presented.

For René Thom this becomes the mathematical model of morphogenesis, of qualitative
transformation from one thing into something else, following the analysis of D’Arcy
Thompson (1917) of the emergence of organs and structures in the development of an

organism. Furthermore, Thom explicitly links this to dialectics, albeit of an idealist sort:

“Catastrophe theory...favors a dialectical, Heraclitean view of the universe, of a world which
is the continual theatre of the battle of between ‘logoi,” between archetypes.” ® ° (Thom,

1975A, 1975B:382). (Barkley Rosser, J.,Jr., 1998/2000:12)

More generally, Thom argues that catastrophe theory showed how qualitative changes could

0

arise from quantitative changes as in Hegel’s dialectical formulation.’® (Barkley Rosser,

J.,Jr., 1998/2000:12)

& Thom, R. 1975A. Structural Stability and Morphogenesis: A General Outline of a Theory of Models, Reading,
W.A. Benjamin; and Thom, R. 1975B. Catastrophe theory: its present state and future perspectives, in
Dynamical Systems-Warwick 1974, Lecture Notes in Mathematics No. 468, Berlin, Springer-Verlag

° Thom, René, with response by E. Christopher Zeeman. 1975. “Catastrophe Theory: Its Present State and Future
Perspectives,” in Dynamical systems-Warwick 1974. Lecture Notes in Mathematics No. 468. Anthony Manning,
ed. Berlin: Springer-Verlag, pp. 366-389.

19 See Rosser (2000b) for further discussion.
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Rene Thom’s work “From Catastrophes to Archetypes: Thought and Language” aimed to
extend the techniques and assumption of catastrophe models of morphogenesis to human
processes and societies. Thom used mathematical notations and language only to express
vague correspondences among neurobiologycal states, thought and language. R. Thom
established that “the sequence of our thought and our acts is a sequence of attractors, which
succeed each other in catastrophes”. According to Thom language translates the mental
attractors of our brain. When one wishes to formulate a sentence expressing idea, it was
mathematically projected onto a space of admissible sentences, where several attractors

prompeted. One was eventually chosen and the sentence was uttered.

In 1970, Thom presented sophisticated catastrophe theory model of language. He developed a
visual representation of the verbs associated with spatio-temporal activity. This was, Thom

would say 20 yars later, a “geometrization of thought and linguistic activity”.

Thom classified syntactical structures into 16 categories. He claimed that “the topological

type of the interaction determines the syntactical structure of the sentence wich describes it.”

According to Thom, meaning and structure were no more independent. Rene Thom
constructed a modeling practice which, roughly speaking, used topologically informed means
of transformation, biologically inspired raw materials that he adapted to mathematical

practice.

The idea of cobordism was deeply explored by René Thom, but the roots of cobordism is due
to Henry Poincaré in his Analysis Situs and in its complementary papers. His idea of
homology is very close to the modern framework elaborated by Thom. Homology classes
were first defined rigorously by Henry Poincaré in his seminal paper "Analysis situs”, J.
Ecole polytech. (2) 1. 1-121 (1895).
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Recalling beyond Heidegger’s use of Aletheia, Gadamer establishes (Gadamer HG., 1976), ™
that language is an “element” within which we live in a very different sense than reflection.
Language completely surrounds us like the voice of home which prior to our every thought of
it breathes a familiarity from time out of mind. Heidegger refers to language as the “house of
being”. Gadamer concludes at the end of his essay, that ..But the language-ness of all thought
continues to demand ... Dialectic must retrieve itself in hermeneutics (Gadamer). (Gadamer
HG., 1976)

Hegel’s dialectic of quantity and determined quality can be associated with a catastrophe form
that shows most of the phenomena occurring in catastrophe models is that of the three
dimensional cusp catastrophe, Behaviour observable in such a dynamical system can include
bimodality, inaccessibility, sudden jumps, hysteresis, and divergence. If what one wishes to
do is to examine the structural stability of a particular pattern of bifurcation, or perhaps more
specifically to compare the topological characteristics of two distinct patterns of
discontinuities in economics, then proper catastrophe theory is clearly the most appropriate
method to use for sufficiently low dimensional systems with gradient dynamics derived from
a potential function. (Barkley Rosser, J.,Jr., 2004) The idea that huge, sudden, and
revolutionary changes might happen had considerable widespread appeal, especially among

more dissident intellectuals.

The applicability of Hegel’s topological notion of qualitative quantity to the catastrophe
theory or in reverse, of catastrophe theory to Hegel’s logic as topology as logic of toposes of
change, a logic which with it’s categories and notions can provide both understanding and
models for explanation of how small changes in certain parameters of a nonlinear system can
cause equilibria to appear or disappear, or to change from attracting to repelling and vice
versa, leading to large and sudden changes of the behaviour of the system or gradual and

continuous change of system’s behaviour.

' "Die Idee der Hegelschen Logik (1971) in Hans-George Gadamer, “Hegel's Dialectic: Five Hermeneutical
Studies”, translated into English by P. Christopher Smith and collected in (New Haven: Yale University Press,
1976). These five essays are "Hegel and Heidegger,"; "Hegel's Dialectic of Self-consciousness"; "Hegel and the
Dialectic of the Ancient Philosophers,"; "Hegel's ‘Inverted World,'; and "The Idea of Hegel's Logic," 75-99, “The
Idea of Hegel’s Logic” is one of the five essays by Hans-Georg Gadamer known in his “Hegel’s dialectics: Five
Hermeneutical studies” (1971).
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The two notions of Hegel’s dialectic of quanity with the determined quality and the
qualitative quantity, can be associated with description of two types of dialectics as proposed
by Martin Zwick (Zwick, M. 1978).

There are two distinguishable types of dialectics, one which results in victory of one of the
opposing forces, and second which gives rise to a compromise or synthesis. Some dialectical
phenomena are best modeled with the cusp, but others are more complex and more
appropriately grasped with the butterfly, the butterfly of reconcillation, where the struggle of
opposites within the cusp bifurcation set is itself negated. (Zwick, M. 1978).

The first notions of Hegel’s dialectic of quanity with the determined quality can be associated
as logic of the cusp catastrophe, and the second notion of Hegel’s qualitative quantity can be

associated as logic of the butterfly, the butterfly of reconcillation.

Perhaps, dialectic would retrieve itself through the language and hermeneitics in catastrophe
theory as well. If the ‘cusp’ catastrophes could be well illustrated and explained through the
well known “law” of dialectics of transformation of quantity into quality, thus through
Hegel’s notion of quantity and determined quality, the ‘butterfly’ catastrophe not only

illustrates but embeds the logic and topology of Hegel’s notion of qualitative quantity.

There is striking analogy between Hegel’s fourfold of infinities [1/. the bad qualitative
infinity; 2/. the good qualitative infinity; 3/. the bad quantitative infinity; 4/. the good

quantitative infinity] or the fourfold cobordism of the categories of:

- quantitative quantity (in the domain of Chronochora — Abstract Space and Abstract Time);
- quantitative quality (in the domain of Chronotopos —Meaningful Place and Abstract Time);
- qualitative quantity (in the domain of Kairochora — Abstract Space and Meaningful Time);

- qualitative quality (in the domain of Kairotopos — Meaningful Place),

and the four parameters of the butterfly catastrophe, where the volatile dyad is changed

into a precarious triad and then into a stable tetrad.

21



The topological notion of Hegel’s logic contains the seed of topological hermeneutics with
“genuine infinite, a circle closed on itself” ... The infinite that wants to be unlimited, because
as Hegel points out — “there are two worlds, one infinite and one finite, and in their
relationship the infinite is only the limit of the finite and is thus only a determinate infinite, an
infinite which is itself finite." (Miller,A.V. trans.,1990. Hegel’s Science oif Logic)

Once visualized in topological space through the notion and model of Rene Thom’s
‘cobordism’, Hegel’s fourfold model of multiplicities (infinities) build on the logical
interrelations and interdependence between the categories such as quality and quantity, the
model that unfolds the ‘qualitative quantity’ notion of place within the time, could be

exhibited also by the bifurcation diagrams.

The striking resemblance between the philosophical or dialectical hermeneutics of the
categories of quality and quantity, seen through the model of ‘cobordism” - the “pair of pants”
— or - the cobordism of hermeneutical circle showing how dialectical hermeneutics (must)
retrieve itself in topology, namely the Hegel’s fourfold of infinities (Quantitative quantity;
Quantitative quality; Qualitative quantity; Qualitative quantity), could be thought as circle or
four circles placed in a 3-manifold, and the pitchfork bifurcation, presented in the figure
bellow, where the supercritical and subcritical components in the diagram, draw the two

half planner cilinder from our example of cobordism.

Methodology, theoretical framework and structure

In my methodological approach I follow the consideration that method and subject matter in
Hegel are homologically equivalent. In the very last chapter of Hegel’s Science of Logic,
method and subject matter supposedly conjoin. Method is the one and only subject. We have
the Understanding, its negation, Dialectical Reason, and the Negation of the Negation -

Speculative Reason. *? (Carlson 2005).

Fundamental method of this dissertation is detailed analysis of texts, both Hegel’s own texts

and text from various sources within the area of philosophy, philosophical topology (perhaps

'2 David Gray Carlson, 2005, Why Are There Four Hegelian Judgments?, p.114:125, in Hegel’s theory of the
subjects, David G. Carlson, ed. 2005, Palgrave Macmillan 2005
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first coined by Jeff Malpas) and mathematics, in particular topology, whereby individual
sentences and words are analysed step by step with an exanination of their internal and
external contexts. From a pragmatic and constructivist perspective, contextual responsiveness
is employed with the purpose to gain insight by juxtaposing methods conducted using clearly
defined and diverse research paradigm.

Language is the universal medium of understanding and Hegel’s language, syntax and
semantic is approached here through interpretive methods of applied hermeneutic, in
particular the method of topological hermeneutics that facilitate the topological reading of
Hegel. Hegel’s Logic and category of ‘qualitative quantity’ is discussed in relation with Rene
Thom’s topological theory of language and topological syntax. Angel Lopez Garcia, who
introduced the “topological linguistics”, gives a rather critical reading of Thom's proposals
related to verbal semantics and the structure of basic propositions. Garcia compares Thom’s
specific analysis of verbs with the tradition of structuralism (Hjelmslev, Jakobson, Halliday,
Chomsky) and the models: “Liminar Grammar” and “Topological Linguistics” proposed by

himself. **(Garcia, 1990)

In relation with Hegel’s Science of Logic, in particular his categories from the Objective
Logic,™ within all over than 80 categories, presented by Hegel, in the present study | follow
Rene Thom’s work “From Catastrophes to Archetypes: Thought and Language”, and Thom’s
catastrophe theory model of language, his visual representation of the verbs associated with
spatio-temporal activity, his classified syntactical structures into 16 categories, where he
claimed that “the topological type of the interaction determines the syntactical structure of the

sentence wich describes it.”

The novel result of the study is the proposed model of Hegel’s fourfold of infinity builds on
the concept of topological cobordism, deeply explored by René Thom, after Henry Poincaré’s

Analysis Situs, Thom’s idea of homology and the homology classes, first defined rigorously

3 Garcia, Angel Lopez, (1990), Introduction to Topological Linguistics - Annexa-LynX. Valencia-Minnesota,
1990.
14 Hegel’s “Encyclopedia of Philosophical Sciences”, Part One, referred to as The Lesser Logic, See “Hegel’s
Logic”, translated by William Wallace, with Foreword by J N Findlay, Clarendon Press 1975. First published
1873
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by Henry Poincaré in his seminal paper "Analysis situs”, J. Ecole polytech. (2) 1. 1-121
(1895), also presented by D'Arch Thompson’s concept of homology and structural stability
“On Growth and Form” (1917).

Structural analysis techniques are employed to achieve thesis development related objectives,
to process the different sources of research data and to integrate their parts into the whole, to
facilitate the fusion of horizons - the transition from one level of understanding to next, from
Hegel’s language, syntax and semantics, pictorial thinking and powerful use of metaphors

such as metalepsis, from Hegel’s mathematics to Hegel’s topology.

The language and syntax of Hegel’s Logic and the rhetorical power of expression determine
the need topology to be regarded and discussed here not only as discipline of mathematics but
also in the rhetorical mode — topological reading and metaphors, in particular Hegel’s use of
metalepsis and the theories related with the concept of metalepsis. Hegel’s enterprise aims at
‘creating a new philosophical glossary by exploiting existing ambiguities and connotations of
ordinary language. In declaring this program [. . .], Hegel specifically offers to make
systematic distinctions between terms that are usually considered to be synonyms, especially
the set: Existenz, Dasein, Wirklichkeit, etc.” (Yovel 1981: 117). Foolowing Yovel, (Yovel
1981) and Berto, (Berto 2007:20), here | am investigating Hegel’s Dialectics as a semantic
theory.

Interpretation employed in the present thesis follow the transition from typological mode to
the topological mode proposed by Jay L. Lemke as mixed-mode semiosis - Typological vs.
Topological Semiosis, **> ** from "typological" meaning-making, meaning-by-kind /natural
language/ to “topological” meaning-making, meaning-by-degree /visual language/, with

continuous variation or "topological" meaning.” If meaning-by-kind is qualitative, the

' Jay L. Lemke, “Topological Semiosis and the Evolution of Meaning” -
http://www-personal.umich.edu/~jaylemke/webs/wess/index.htm

'°Jay L. Lemke, Typological vs. Topological Semiosis -
.http://www-personal.umich.edu/~jaylemke/webs/wess/tsld002.htmSee: Jay L. Lemke, “Mathematics in the
middle: measure, picture, gesture, sign, and word, and Opening Up Closure: Semiotics Across Scales”.
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meaning-by-degree is quantitative, and with this methodological approach only the
topological notion of Hegel’s qualitative quantity could reveal Hegel’s Dialectics as

topological semantic theory.

Mathematical Topology (as mathematical and formal thinking) has a place in the structure of
language and the structure of language can inform us about the structure of the world we think
about. Logic (‘the science of the Idea in and for itself” — 8§18), relates to the most fundamental
(structural relationships between) categories in language, i.e. it consists of categories without
which the world would certainly be unintelligible, distinctionless white noise (such as Being,
Becoming, the One and its Other) without however considering the application of these to the
world itself. Hegel’s use of "die Mitte" is interpreted through the topological notion of
‘betweenness’, ‘in-between’ in the pure meaning of Plato’s ‘methaxis’ and Aristotle’s
‘metalepsis’ or exactly in accordance with Voegelin’s concept of metalepsis as ‘in-between-
ness’. The mediator is between the ‘outside’ and °‘inside’, between the ‘quality’ and
‘quantity’, between the ‘time’ and ‘place’, between the ‘image’ (bild) and the ‘concept’
(begriff). One of the strongest presence of topological cognition in Hegel is his use of
Vorstellung (Picture-thinking, Figurative thinking). The verb vorstellen literally means “place
before” (vor = before; stellen = to place) and directs to the topos (place), having a topological
characteristic. The first language of infinity is the image! The image is the form of
recollection. Donald Philip Verene emphasizes the role of the image in philosophical text,
stating that “Any philosophical text depends upon images; they are always present. The reader
can look first not for arguments in the work but for these root images. Once found, the reader
can look for the questions that can be drawn forth from the images. The reader will then see
how the image is directing and providing support for the question, which carries the reasoning
process of the text forward. What are the images? What are the questions embedded in them?”
(Verene 2007:xiv-xv).

Interpretations presented in the thesis are build on results of the mixed method and analytical
approach, produced through triangulation of sources, with examination of the consistency of
different data sources from within the same method, comparing philosophers and researchers
with different view points. Analyst triangulation is employed using multiple analyses to

review findings with the goal to understand multiple ways of seeing the research issues and
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thesis. Through theories perspective triangulation, multiple theoretical perspectives are used to

examine and interpret the research hypotesis and relevant data.

In relation to the language, Hegel’s language and philosophy, and with the purpose to build
relation between Hegel’s categories and concept and the mathematical, topological models,
some important mathematical, in particular algebraic topological models and concepts are
employed in the discussion and results of the present thesis, such as manifold, cobordism,
graph theory, topological data analysis, homology, via the new theory of persistent
homology, simplicial complexes, Betti numbers, barcodes. The result of my demonstration
shows how the logical structure of concepts and syntax in Hegel’s logic can be presented as

topological space — a series of simplicial complexes.

The theories I implement in relation to Hegel’s logic are concerned with Lucien Tesniére and
Rene Thom topological theory of language and topological syntax (Wildgen and Brandt

1718 and his catastrophe theory model of

2010:57), Thom’s concept of versal unfolding
language, a visual representation of the verbs associated with spatio-temporal activity, related
with what Thom calls a “geometrization of thought and linguistic activity”, due to my
assertion that syntactical analysis of Hegel’s language demonstrate strong dependence
relations between superordinate and subordinate lexical entities. There is a hierarchy of
connections in Hegel’s language, not only between lexical entities in a sentence, but also
between different terms, categories, concepts and notions. Something more, the structure and
relations between the core terms in Hegel demonstrate not only hierarchy but heteronomy —
horizontal relation between lexical and logical entities. This structure of syntax in Hegel’s text
revieals both vertical and horizontal direction organized in topological mode. There is a
strong emphasis on relations between lexiacal entities in Hegel, where dependence and
subordination is mutually oriented in simultaneous way, both in vertical (hierarchical) and
horizontal (heterarchical) order. In Hegel, language is structured in terms of dependency
relations between superordinate and subordinate parts (with the verb as the kernel and other
word classes. The structural configurational order of Hegel’s language, the topological space
of narrativ, prevails over the linear, combinatorial order. The schematization of sentence

structure in Hegel does not simply mirror or reproduce its linear order.

7 Bruce, B. and D.N. Mond, eds. Singularity Theory, Cambridge, England: Cambridge U.Press,1999, page xi.
18 peter Tsatsanis, On Rene Thom Sinificance for Mathematics and Philosophy, Scripta Philosophicae Naturalis
2:213-229 (2012), p.223-224.
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Rene Thom’s catastrophe theory is discussed and applied to Hegel’s dialectic, with the
assertion that some dialectical phenomena are best modeled with the cusp catastrophe model
(as the transition from quantity to quality and establishing of the new measure through abrupt
changes), but others are more complex and more appropriately grasped with the butterfly
catastrophe model of reconcillation (the gradual transition of qualitative quantity), where the

struggle of opposites within the cusp bifurcation set is itself negated. (Zwick, M. 1978).

Core place within my methodological interpretation of Hegel’s Logic is the concept of
manifold and topological notion of ‘cobordism’ (Henry Poincaré, René Thom), also the
concept of homology elaborated by Thom and first defined rigorously by Henry Poincaré in

his seminal paper "Analysis situs”, J. Ecole polytech. (2) 1. 1-121 (1895).

In addition my topological interpretation of Hegel’s qualitative quantity employs the concept
of homology related with the works of D'Arch Thompson, especially his “On Growth and
Form” (1917). In the last chapter of “On Growth and Form”, D'Arcy Thompson's illustrates
his "cartesian transformations” of animal forms. Thompson's mappings are referred to as
"rubber sheet" mappings. D'Arch Thompson suggested that one should study the change from
one biological form to another by examining the unique mathematical object that maps

between them in accord with biological homologies.

Within the discussion of Dialectics and Catastrophe, | suggest an model of Cobordism of
Hegel’s fourfold of multiplicities (infinities) implemented and exhibited in bifurcation
diagrams, namely the Pitchfork Bifurcation Diagrams - Supercritical Pitchfork Bifurcation

Diagrams (b < 0) and Subcritical Pitchfork Bifurcation Diagrams (b > 0).

Following William Lawvere’s suggestion that a significant fraction of dialectical philosophy
can be modeled mathematically through the use of “cylinders” (diagrams of shape A) in a

category, wherein the two identical subobjects (united by the third map in the diagram) are

9

“opposite” (Lawvere, 1996), *® my proposition and interpretation of Hegel’s Logic

9 F. William Lawvere, 1996, Unity and identity of opposites in calculus and physics, Applied Categorical
Structures, June 1996, Volume 4, Issue 2, pp 167-174
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implements two topological constructs. The first based on cylinders is the cobordism and the

second based on the shape A addresses the simplicial complex.

With the series of research papers and projects between 2011-2014, published and not
officially published but available for review under academia.edu, | have demonstrated how
applied research and empirical research methods, based on implementation of Hegel’s Logic,
in particular topological notion of qualitative quantity, can be used for the purpose of
prospective research in the area of social dynamics, in particular within the field of applied
ethics, ontology and epistemology, economics, auditing and law, emphasizing on topological

approaches to the said fields.?°

20 gee:Borislav Dimitrov:

2014, Auditor Independence within An Auditing Analysis Situs: Topology of Places as factor for enhancing
auditor independence, competence, and audit quality, between the global and local: Topological Approach to
Audit Dynamics, Focused on Auditor Independence, Competence and Audit Quality through Qualitative
quantity methodology and Topological Data Analysis, Philosophy of Science for Social Science, Lund
University, Faculty of Social Science; 2014, The Struggle of Cultural Identity between the Dichotomies of
Society and Community, between Liberalism and Communitarianism: Dialogue or becoming Topological?
Philosophical topology of intercultural (identity) relationships, Study presented at the International Conference
“The Individual and Society: Challenges of Social Change", April 5th, 2014, Sofia, Bulgaria (Bulgarian
Academy of Science and Arts, Serbian Royal Academy of Science and Arts, European Center of Business,
Education and Science, published in the Conference edition collection ‘The Individual and Society: Challenges
of Social Change' (ISBN 978-954-411-151-9), 2014, p. 266-296; 2013 "Topological Ontology and Logic of
Qualitative quantity",

https://www.academia.edu/3237237/Topological_Ontology and Logic of Qualitative quantity; 2012, A
Topological Approach to 'The Hospital of the Future': Topological Model based on the qualitative quantity
research method, Amazon; 2012 “The Topological Approach of Qualitative quantity Implemented in Autopoietic
Law and Audit: The Cultural Phenomenology of Qualitative quantity and ... The Cultural Phenomenology of
Law and Auditing as Autopoiesis”, ,,Ariadne — Topology and Cultural Dynamics — Institute for Cultural
Phenomenology of Qualitative quantity”, http://ariadnetopology.org/3.html; 2012 “Cultural Phenomenology of
Law and Topological Approach to Law”, A Series of papers presenting the essentials of Topological Approach
to Law : Qualitative quantity - The Cultural Phenomenology of Literature and ... The Cultural Phenomenology
of Law; Law and Literature Movement; Cognitive Science and The Law - Topological Approach To Law;
Phenomenology of Law; Law and Social Choice: Qualitative quantity, Topological Social Choice and
Topological Approaches to Law; The proposition of Qualitative quantity mode of Inquiry in the Classic Debate
— Qualitative vs Quantitative research; The Topological approach of Charles Sanders Peirce’s qualitative-ness
and The Topological Qualitative quantity; The philosophy of Emile Boutroux — a profound influence on Henri
Poincaré and Charles Peirce. ,,Ariadne — Topology and Cultural Dynamics — Institute for Cultural
Phenomenology of Qualitative quantity”, http://ariadnetopology.org/3.html; 2011 “The Relevance of
Topological Approach, based on Qualitative quantity research method, to Audit Dynamics and Auditing
Research — Cultural Phenomenology of Audit and Auditing research”, ,,Ariadne — Topology and Cultural
Dynamics — Institute for Cultural Phenomenology of Qualitative quantity”,

http://ariadnetopology.org/Cultural Phenomenology of Audit Dynamics_and Auditing_Research web.pdf
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As we know, both qualitative and quantitative research methods can be used to collect data
and information through the field research. As a complimentary to the traditional qualitative
and quantitative methods, the novel method of ‘topological qualitative quantity’ can be tested
for the ability to capture and provide insights on the processes exhibiting gradualness and
continuous and transformation (persistence), emphasizing on the relation and relationships in
space seen as topological space (topological notions and concept such as ‘homeomorphism’,

‘homology’, ‘boundaries’, ‘closeness’, ‘part and whole’, ‘inclusion’ and exclusion’) .

Following Ivan Punchev’s inquiry addressing Hegel’s Logic and dialectical method and
mathematics, and paraphrasing Punchev’s question that embeds the relationship between
philosophy and mathematics, with my own emphasis on topology, indeed the question - How
to build a theory of philosophical-topological or topological-philosophical understanding
through categorial "interpretation™ of topological "structures"? — methodlogically, with the
present thesis | explore such hypothesis and suggest the conclusion that the language
elements, categories and notions in Hegel’s syntax in Science of Logic can be perceived as
the data collected that can be mapped and analyzed through Topological Data Analysis, a
recent mathematical method for analyzing data that has had new, dramatic, and unexpected

applications to statistics among other areas.

Topological data analysis uses a branch of mathematics called algebraic topology to capture
the shape of a point-cloud data set that "persists” in a dynamical setting. For this purpose the
data, themes or issues will be represented as shape of a point-cloud data set that "persists"” in a

dynamical setting.

The main problems subject of Topological Data analysis could be recognized in Hegel’s

Science of Logic, and these are the following:

e how one infers high-dimensional structure from low-dimensional representations; and

e how one assembles discrete points into global structure.
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Both of the problems are very much related with the role of the philosopher and applied
philosophy - to assemble discrete point into global structure and to enhance or improve the

low-dimensional representations into the high dimensional structure.

Topological Data Analysis focusses on continuous flow, recognizing that the human brain can
easily extract global structure from representations in a strictly lower dimension, i.e. we infer
a 3D environment from a 2D image from each eye. The inference of global structure also
occurs when converting discrete data into continuous images, e.g. dot-matrix printers and

televisions communicate images via arrays of discrete points.

The main method used by topological data analysis is:

1. Replace a set of data points with a family of simplicial complexes, indexed by a proximity

parameter. This converts the data set into global topological objects.

2. Analyse these topological complexes via algebraic topology — specifically, via the new

theory of persistent homology.

3. Encode the persistent homology of a data set in the form of a parameterized version of a

Betti number which will be called a barcode.

In Topological Data Analysis, the primary mathematical tool considered is a homology theory
for point-cloud data sets—persistent homology—and a novel representation of this algebraic

characterization— barcodes. Topological Data Analysis considered the shape of data.

For the purpose of the present thesis I discuss the relation between Topological Data Analysis
and Hegel’s claim about gradualness, and “the attempt to explain coming-to-be or ceasing-to-
be on the basis of gradualness of the alteration” (the passage of § 777 from Hegel’s “The

Science of Logic” /The Greater Logic/, where Hegel asserts that:

“In thinking about the gradualness of the coming-to-be of something, it is ordinarily assumed
that what comes to be is already sensibly or actually in existence; it is not yet perceptible

only because of its smallness. Similarly with the gradual disappearance of something, the
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non-being or other which takes its place is likewise assumed to be really there, only not
observable, and there, too, not in the sense of being implicitly or ideally contained in the first
something, but really there, only not observable.” /8 777/ - /bold by me B.D/.

Applicable to the Hegel’s statement is the discussion provided by Magnus Bakke Botnan in
his work “Three Approaches in Computational Geometry and Topology - Persistent

> 21 about the discrete

Homology, Discrete Differential Geometry and Discrete Morse Theory
presentation of data /information/ and our ability to perceive gradualness of information and
the continuous nature of the shape of data. Botnan states that “One of the most remarkable
properties of the human brain is the ability to infer the world as a three-dimensional space.
We do not see three spatial dimensions directly, but from experience we know how to
visualise three dimensions via sequences of paired planar projections. In other words, we
know how to extract global structures by studying representations from a strictly lower
dimension. Another skill developed is how to infer a continuum from discrete data. As an
example, consider the painting The Seine at La Grande Jatte by the French artist Georges
Seurat. This painting consists of discrete data points and is obviously noisy. Nonetheless, we
have no problems perceiving the tree by the waterline, the person in the kayak or the sailboat.

Rather than altering out noise qualitatively it is favourable to have a quantitative measure.” %

The result of my discussion is based on the graph theory and demonstrates how the nodes
from the structure of Hegel’s Science of Logic can be represented as a network and graph. For
the purpose of such demonstration and simplification in the following lines and illustration |
use four elements, corresponding to the four syllogisms in Hegel. Graphs are among the most
ubiquitous models of both natural and human-made structures. They can be used to model
many types of relations and process dynamics in physical, biological and social systems.
Many problems of practical interest, such as data, issues, themes and clusters, can be
represented by graphs. Gpaphs are used to represent networks of communication, data

organization, computational devices, the flow of computation, etc.

2! Magnus Bakke Botnan in his work “Three Approaches in Computational Geometry and Topology - Persistent
Homology, Discrete Differential Geometry and Discrete Morse Theory”, 2011

? Magnus Bakke Botnan in his work “Three Approaches in Computational Geometry and Topology - Persistent
Homology, Discrete Differential Geometry and Discrete Morse Theory”, 2011
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In addition, the result of my discussion demonstrates how the toposes from the structure of
Hegel’s Science of Logic?® (in particular from 1. Second Part - Magnitude (Quantity) with
three chapters: Chapter 1 — Quantity - Chapter 2 — Quantum — Chapter 3 - Quantitative
Infinity, and will take the following subsection with 9 themes from each of the three chapter:
A. Pure Quantity - B. Continuous and Discrete Magnitude - C. Limitation of Quantity (from
Chapter | Quantity); A. Number - B. Extensive and Intensive Quantum - C. Quantitative
Infinity (from Chapter 2 Quantum) and A. The Direct Ratio - B. Inverse Ratio - C. The Ratio
of Powers (from Chapter 3 The Quantitative Relation or Quantitative Ratio) — can be
represented through the concept of topological persistence from Topological Data Analysis.
Such result demonstrate how the transition from typology to topology is possible. In this
demonstration | am using Euler Characteristic of the shape, the simplicial complexes, Betti

numbers, barcodes.

The structure of the thesis is mixture of classic structure with Introduction, Methods,
Results, Discussion and thematic chapters. The discussion of methodology and theoretical
framework are exposed in the introductory chapter yet the development of both method and
theoretical framework flow in-progress through the discussion integrated into the themes of
the individual chapters. The review of literature is embedded in the discussion, segmented

into the series of thematic chapter on several topics.

An overview of the present thesis in part was submitted in 2014 with pending publication in
Sophia Philosophical Review under the title Hegel's Analysis Situs: Topological Notions of

Multiplicity in Hegel's Fourfold of Infinities.?*

The section 5 and 6 25 from the fourth chapter of this study was presented at conference
Evolution of Hierarchical Systems, held in Sofia, 2014, and at the International Conference
‘The Individual and Society: Challenges of Social Change", in Sofia, 2014, before the

23

2 Dimitrov, Borislav. (2014), Hegel's Analysis Situs: Topological Notions of Multiplicity in Hegel's Fourfold of
Infinities, pending publication, Sophia Philosophical Review, 2014

% part 5. Dialectics and Catastrophe: Cobordism of Hegel’s fourfold model of multiplicities (infinities) exhibited
in bifurcation diagramsvPitchfork Bifurcation Diagrams - Supercritical Pitchfork Bifurcation Diagrams (b < 0)
and Subcritical Pitchfork Bifurcation Diagrams (b > 0); and Part 6.  Dialectics and Chaos: Rethinking of the
evolution of hierarchical systems through Hegel’s fourfold model of multiplicities exhibited in Feigenbaum
Diagram - The relations between the algebraic topology and evolution - The Role of Heterarchy and Heteronomy
in Evolution.
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Bulgarian Academy of Science and Arts, Serbian Royal Academy of Science and Arts,
European Center of Business, Education and Science, and subsequently published in an
expanded form in the conference edition: Evolution of Hierarchical Systems, Sofia, Faber
Publishing House, September 2014 % and in the Conference edition collection ‘The Individual

and Society: Challenges of Social Change'. *'

%8 Dimitrov, B. (2014), Philosophical topology and Topological philosophy as the mode of thinking of Evolution
of Hierarchical Systems: The Role of Heterarchy and Heteronomy in Evolution, Conference Edition: Evolution
of Hierarchical Systems, Sofia, Faber Publishing House, September 2014, p.285-318

" Dimitrov, Borislav. (2014), The Struggle of Cultural Identity between the Dichotomies of Society and
Community, between Liberalism and Communitarianism: Dialogue or becoming Topological? Philosophical
topology of intercultural (identity) relationships, Study presented at the International Conference ‘The Individual
and Society: Challenges of Social Change", April 5th, 2014, Sofia, Bulgaria (Bulgarian Academy of Science and
Arts, Serbian Royal Academy of Science and Arts, European Center of Business, Education and Science,
published in the Conference edition collection ‘The Individual and Society: Challenges of Social Change' (ISBN
978-954-411-151-9), 2014, p. 266-296.
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Megiston topos: hapanta gar chorei
Méyiotov tOT0C dmavta yop Ywpet
”Space is the greatest thing, as it contains all things”

-- Thales

Chapter 1  Topology, Hegel, Categories and Philosophical Topology

1.1. Topology

Topology is a major area of mathematics concerned with properties that are preserved under
continuous deformations of objects, such as deformations that involve stretching, but no
tearing or gluing. In topology, any continuous change which can be continuously undone is
allowed. So a circle is the same as a triangle or a square, because one can just “pull on' parts
of the circle to make corners and then straighten the sides, to change a circle into a square.
Then one can just ‘smooth it out' to turn it back into a circle. These two processes are
continuous. During each of these two actions, nearby points at the start are still nearby at the
end. In topology we can transform a spatial body such as a sheet of rubber in various ways
which do not involve cutting or tearing. We can invert it, stretch or compress it, move it, bend
it, twist it, or otherwise knead it out of shape. Certain properties of the body, the properties of
the ‘qualitative quantity’ (Dimitrov B., 1989-2014), will in general be invariant under such
transformations, which is to say under transformations which are neutral as to shape, size,
motion and orientation. The ‘qualitative quantity transformations’ can be defined as being
those which do not affect the possibility of our connecting two points on the surface or in the

interior of the body by means of a continuous line.

Topology (Analysis Situs) is the analysis of situating and forms of location of specific objects
in specific spaces. Incompletely and imprecisely speaking, length of line segment, size of
angle or area of the plane play an important role in geometry. In general topology, however,
those characteristics are not substantial. From a topological point of view, the triangle is
identical to square, straight line to line segment without ends, and plane to sphere without one
point. Thanks to its generality, topology can study abstract spaces, exceeding highly
Euclidean/non-Euclidean paradigm, used often in philosophical argumentation. (Skowron,
2014)
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Topology as an area of mathematics is concerned with the properties of space that are
preserved under continuous deformations, such as stretching and bending, but not tearing or
gluing. Topology is concerned with the relationships between different forms, shapes,
properties of space, where connectedness is an important topological property. Although there
IS no absolute distinction between different areas of topology (algebraic topology, differential
topology, geometric topology, here we regard to general topology. Within the list of general
topology topics are such topics as . . . Absolutely closed — Accessible - Accumulation point —
Limit point - Almost discrete (space) — Approach space (a generalization of metric space
based on point-to-set distances, instead of point-to-point) — Boundary — Bounded — Closure —
Completeness — Component — Connected — Connected component — Cpntinuous — Continuum
— Cover - Covering — Dense — Density - Developable space — Development — Discrete —
Distance — Exterior — Homeomorphism — Homogeneous — Homotopy — Limit — Limit point —
Loop — Metric - Metric invariant — Metric Map — Metric space — Metrisable (A space is
metrizable if it is homeomorphic to a metric space) — Neighborhood — Net — Open — Open set

- Partition of unity — Path — Path connected — Point.

In philosophy, the scientific knowledge was associated with geometry since the antiquity to
the beginning of 20" century. Topology is concerned with the conceptual analysis of spatial
notions, such as “space in general”, “connectedness”, “neighborhood”, “approximation”,
“convergence”, ‘“‘continuity”, “mappings”’, “transformations”, “boundedness”, and many

others.

As Bartlomiej Skowron asserts in his paper The Forms of Extension, Substantiality and
Causality — “Topological properties in the strict sense are the invariants under some
transformations, under homeomorphisms, which are bicontinuous one-to-one functions.*
(Skowron, 2014)

These transformations are good tools to describe the objects’ natural change over time (but

not only over time) while preserving the identity of these objects.

It is often thought that mathematics is the science of quantities (length, number, etc.).

Contemporary research in mathematics, however, considers also quality. Topology is an
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example of quality thinking in mathematics. Angles and lengths are not very important,

qualities such as connectedness or denseness are only important. (Skowron, 2014)

More recently Thomas Mormann in many of his papers (Mormann, 1995; 1996; 1997; 2000;
2013) develops ontological issues with topology. Mormann discusses topology in general in
his Topology as an Issue for History of Philosophy of Science (2013)”. In his Topological
Aspects of Combinatorial Possibility (1997) Mormann considered combinatorial worlds as
mappings from individuals to properties. He draws a line between possible and impossible
combinations by imposing structural constraints on the relation between a set of individuals
and a set of properties, namely he forced on that relation to be a function. He also proposed to
treat the complex individuals and complex properties as open sets. On that basis he could
define possible worlds as continuous functions. In the concluding remarks of the above
mentioned paper, Mormann writes as follows: A world is, so to speak, a topologically
structured totality of states of afairs, or, to express somewhat more generally, it is a structural

gestalt.

As Arkady Plotnitsky asserts in Badiou's later Experimenting with ontologies: sets, spaces,
and topoi with Badiou and Grothendieck (2012), “While both geometry and topology are
concerned with space, yet they are distinguished by their different ways of studying space.
Geometry (geo-metry) has to do with measurement; topology disregards measurement and
scale and deals only with the structure of space qua space, for example, with the essential
shapes of figures, seen as continuous spaces. Distances are generally irrelevant. It is only
continuity (as connectivity) or conversely rupture of continuity that matters, which is why
topology defines space via its so-called open subspaces, such as those (called neighborhoods)
around each point. (Plotnitsky 2012:334)

In topology, “Insofar as one deforms a given figure continuously (ie, insofar as one does not
separate points previously connected and, conversely, does not connect points previously
separated), the resulting figure is considered the same. The proper mathematical term is
“topological equivalence'. Thus, all spherical surfaces, of whatever size and however
deformed, are topologically equivalent, although some of the resulting objects are no longer
spherical, geometrically speaking.” (Plotnitsky 2012:335) Such figures are, however,

topologically distinct from the surfaces of tori, since these two kinds of surfaces cannot be
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transformed into each other without disjoining their connected points or joining the
disconnected ones: the holes in tori make this impossible. This is sometimes expressed by
saying that, rather than measuring distances, as with geometry, topology “measures' (counts)

the number of holes in a spatial object. (Plotnitsky 2012:335)

For Plotnitsky, “Topology is mathematical not by virtue of mathematizing spatiality by
measurement, as geometry does, but by virtue of relating the architecture of spatial objects to
algebraic or numerical properties of algebraic or arithmetical objects. The number of holes in
a given object such as the surface of a sphere with no holes in it vis-a-vis that of a torus,
which has one hole in it (or the surfaces of pretzel-like figures, each with several holes in

it)0is the simplest example of this kind of relation.” (Plotnitsky 2012:335)

Plotnitsky discusses the field of topology known as “algebraic topology' which studies
topological spaces by relating them to algebraic objects, particularly the so-called groups.
Groups are defined by abstract elements and a multiplication-like operation upon them,
resulting in the elements of the same kind. He asserts, “Thus (glossing over technical
specifics), whole numbers form a group with respect to addition, but not multiplication, since
an inverse of a whole number is a fraction. Rotations of the circle or of the two-dimensional
surface of the three-dimensional sphere also form a group, with its operation defined as that of
performing consecutive rotations. In the case of the surface of the sphere, the order of
rotations may change the outcome, which is expressed mathematically by saying that this
group is not commutative. Groups play a major role in algebraic topology, and in category
and topos theories, especially in the so-called homotopy and cohomology theories, which deal
with certain groups, defined by the topology of the corresponding spaces and essential for
studying these spaces. In the case of two-dimensional surfaces these groups are linked to the
numbers of holes in them, as described above, and these groups are, accordingly, different for

spheres and tori, for example.” (Plotnitsky 2012:335)

Through its Latin root (locus) and Greek root (topos), place already etymologically informs
locational and topological analysis. Understood in terms of the Greek topos, place is itself
directly tied to the idea of topological notions such as ‘relation’, ‘between-ness’, ‘limit” or
boundary’ (see Aristotle, 1983: 28 [212a5]).
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Our world is undergoing profound change due to the advanced research in topology and
significant importance of topological thinking and topological meaning making. Topology
itself is the science of the change. Topology is extremely applicable to the complex dynamics
systems. The unique and modern treatment of topology today is employing a cross-

disciplinary approach.

Topology has been transformed from a theoretical field that highlights mathematical theory to

a subject that plays a growing role in nearly all fields of scientific investigation.

1.2. Why Topology? — Hegel’s Logic as topological place of thinking: the topos of
being/logos

Back in 1989, as a Research Associate at Institute for Philosophical Research at Bulgarian
Academy of Science, | have established Hegel’s category and notion of ‘qualitative quantity’
(Dimitrov, 1989a) as vocamen of my research interests in philosophy, in particular within the

area that can be defined as philosophical topology.

In two papers “Quality of quantity” (Dimitrov, 1989) and “Quality and Time” (Dimitrov,
1990), I have established the resurgence of G.F.W. Hegel’s category “qualitative quantity”
historically left “inapparent” arguing that this category is the real breakthrough from the
cliché of the known first law of dialectics — the the law of transformation of quantity to
quality and the appearance of the new quality as qualitative leap. Due to the gradual and
continuous notion of qualitative quantity, linking Henri Poincare’s Analysis Situs with
Hegel’s qualitative quantity, | have established and supported the argument that the exhibit
form and notion of the Qualitative quantity is Topology and topological homeomorphism.
Based on the exploration of D'Arcy W. Thompson’s “Growth and Form” (1917) findings and
examples from Hermann Haken (Haken, 1983), illustrating the qualitative quantity notion in
the structural stability, in “Quality of quantity”, I have argued that topology is the field of
qualitative quantity and topological homeomorphism is exhibit form of this category. The
Qualitative guantity is applicable to the complex dynamic systems as complimentary method
to the qualitative and quantitative approaches and methods in the paradigm shift from

Typological to Topological thinking.
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Since my first publications on the qualitative quantity (Dimitrov, 1989; 1990) until my recent
publications (Dimitrov, 2012; 2014), for the past twenty five years, the significant
developments of the science and philosophy of science related to the concept of qualitative
quantity emerged, evidently enriching the grounds of my thesis. Topological thinking is now
undergoing aresurgence, with some highly practical research and applications 2® and the
inquiry within philosophical topology, as I call it outside of the Hegel’s context, has become
increasingly central to my work over the last twenty five years. | believe that the emergence
of ‘topological’ inquiries presented in philosophy after Hegel . . . is indebted to Hegel’s
topological thinking.

The manner in which Hegel develops his concepts and categories in the Science of Logic can
be described as extension. From etymological point of view, the extension is that, what
spreads, extends (from Latin ex- “out” + tendere “to stretch”) between one thing and another.
The extending is what is “between” this and that, what from its nature must be between some
ends. (Skowron, 2014) Barttomiej Skowron emphasizes that extension is “being between” and
“being between is being from — to” and “being between is being everywhere (or almost
everywhere) between.” (Skowron, 2014) All mentioned moments of extension, i.e. spatial
dimension (immersing in space), divisibility, impenetrability, being everywhere “between” in
specific sets, determine various kinds of extension but do not consist of its definitional
perspective, for we do not know yet, what is the very extension. M. Rosiak described it as the
possibility of co-existence of a multitude of objects, abundance of diferences between places.
(Skowron, 2014)

The new direction for discussion on extension are discussed by Bartlomiej Skowron in his

paper The Forms of Extension, Substantiality and Causality, (Skowron, 2014)

As Bartlomiej Skowron asserts, “The appearing characteristics of extension are often
concerned pure geometrical notions, such as space, distance, solid (and its shape). In a natural
way, when we want to give an example of extending structure, we quote continuum, 3-
dimensional Euclidean space or plane. It makes sense, because in philosophy space was

conceptualized by geometrical notions. But, on the other hand, Bergson and Ingarden warn

% ATACD project /A Topological Approach to Cultural Dunamics/, funded by EU, a research network based on
the mathematical theories of topology.
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against geometrization of philosophical issues, and especially against geometrization of
extension of time.” (Skowron, 2014) Skowron emphasizes that “it seems (that) geometry lost
its explanatory power in philosophy, and especially in metaphysics. And it is so, indeed.
Nowadays, however, geometry, being after all ancilla philosophiae, is replaced by another

mathematical science — topology. (Mormann, 2013).

| do not regard myself as the only person to make the claim of the emergence of new area of
topological reading or philosophical topology. For the last twenty years Jeff Malpas, Steven
Crowell, Joseph Fell and Reiner Schermann, from very different perspectives, advanced

topological readings of Heidegger, Gadamer, Husserl. 2° (Jeff Malpas, Self, Other, Thing)

Jeff Malpas, who to my knowledge first introduces the issue of philosophical topology in
series of papers, claims that “topology is present in Heidegger and, though less explicitly, in
Hegel.” (Jeff Malpas, Self, Other, Thing) Malpas’s works are focused mainly on Heidegger,
and just touches Hegel very slightly — “but Hegel will also have a role to play”. (Jeff Malpas,
Self, Other, Thing) For Malpas, the primary emphasis is “on gaining further insight into the
idea of topology itself, along with the ideas it encompasses and to which it relates.” (Jeff
Malpas, Self, Other, Thing) My assertion is that the concepts and notions of Hegel’s Logic
and the manner Hegel develops these, exhibits topological properties in the strict sense the
‘properties’ that are invariants under some 